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[1] The response of ice shelf basal melting to climate is a function of ocean temperature,
circulation, and mixing in the open ocean and the coupling of this external forcing to
the sub–ice shelf circulation. Because slope strongly influences the properties of
buoyancy-driven flow near the ice shelf base, ice shelf morphology plays a critical role
in linking external, subsurface heat sources to the ice. In this paper, the slope-driven
dynamic control of local and area-integrated melting rates is examined under a wide range
of ocean temperatures and ice shelf shapes, with an emphasis on smaller, steeper ice
shelves. A 3-D numerical ocean model is used to simulate the circulation underneath five
idealized ice shelves, forced with subsurface ocean temperatures ranging from �2.0�C to
1.5�C. In the sub–ice shelf mixed layer, three spatially distinct dynamic regimes are
present. Entrainment of heat occurs predominately under deeper sections of the ice shelf;
local and area-integrated melting rates are most sensitive to changes in slope in this
‘‘initiation’’ region. Some entrained heat is advected upslope and used to melt ice in the
‘‘maintenance’’ region; however, flow convergence in the ‘‘outflow’’ region limits heat
loss in flatter portions of the ice shelf. Heat flux to the ice exhibits (1) a spatially
nonuniform, superlinear dependence on slope and (2) a shape- and temperature-dependent,
internally controlled efficiency. Because the efficiency of heat flux through the mixed
layer decreases with increasing ocean temperature, numerical simulations diverge from a
simple quadratic scaling law.
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1. Introduction

[2] Basal melting of Antarctic ice shelves influences ice
sheet dynamics [Dupont and Alley, 2005, 2006; Payne et
al., 2004; Schoof, 2007]; the meltwater produced freshens
and cools the circumpolar ocean [Hohmann et al., 2002;
Jacobs et al., 1996; Orsi et al., 1999]. Ocean-driven changes
in melting rates or locations thus influence water mass
properties, climate, and sea level. Yet the linkage between
ocean heat fluxes, basal melting, and ice discharge is blurred
by physical uncertainties, observational limitations, and
finite computing resources [Little et al., 2007]. The lack
of clarity is particularly tangible in the Amundsen Sea
sector of Antarctica, where increases in basal melting have
triggered rapid ice shelf thinning [Shepherd et al., 2004]
and grounded ice loss [Payne et al., 2004; Rignot, 2008].
Although upwelling near the continental shelf break may
have initiated this process [Thoma et al., 2008], the
mechanisms linking on-shelf heat fluxes to basal melting
have not been conclusively demonstrated.

[3] The complex, coupled nature of ice sheet–ocean
interaction has inspired a search for key parameters govern-
ing the melting rate, ideally in a formulation suitable for a
large-scale parameterization [Beckmann and Goosse, 2003;
Pollard and DeConto, 2009]. Observations, simplified
equation sets, and numerical models have been used to
formulate scaling laws in which sub–ice shelf ocean tem-
perature is related to area-averaged melt rates [Holland et
al., 2008, hereafter HJH08; MacAyeal, 1984; Rignot and
Jacobs, 2002]. Despite growing support for a superlinear
temperature dependence, these studies exhibit divergence
(HJH08, their Figure 1), implying that some physical pro-
cesses are missing. It remains unclear whether prior results
are valid across different ice shelves and a large range of
temperatures. Observationally derived scaling laws [Rignot
and Jacobs, 2002] aggregate ice shelves with widely varying
morphologies; temperature and shape dependence may be
conflated. Even if an ocean temperature-based scaling is
robust across ice shelves, area-integrated melt rates overlook
the spatial variability of melting (as well as any glaciological
response). Recent modeling and theoretical studies indicate
that the distribution, rather than the total amount, of basal
melting is critical to ice flow [Schoof, 2007; Walker et al.,
2008].
[4] Here we investigate an additional control on the

distribution and area-integrated rate of ocean-driven
melting: the basal slope of the ice shelf. In boundary-trapped,
buoyancy-driven oceanic flow, local slope drives the
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Richardson number down, and thus increases entrainment
(mixing across stratified layers) [Ellison and Turner, 1959;
Jenkins, 1991; Pedersen, 1980]. Since meltwater-freshened
layers near the ice shelf base are relatively cold and stable
[Nicholls et al., 2006, 2001], enhanced entrainment in
regions of steeper basal slope might be expected to lead to
relatively high melting rates.
[5] Observations and models of ice shelves support the

importance of basal slope. Patterns of basal melting are
highly nonuniform [Joughin and Padman, 2003], and there
is evidence [Payne et al., 2007; Rignot and Steffen, 2008]
that enhanced melting near (steep) grounding lines is
characteristic of small ice shelves. Even under uniform
forcing, models employing realistic ice shelf thickness
gradients simulate an intensified longitudinal gradient in
melting (HJH08). In coupled ice-ocean models, ice shelf
thickness gradients coevolve with intensified melting near
grounding lines [Grosfeld and Sandhager, 2004; Walker
and Holland, 2007].
[6] The physical processes underlying the sensitivity of

basal melting rates to ice shelf morphology, either in
isolation or in conjunction with thermal forcing, have not
been formally assessed. Here, we find that slope-dependent
turbulent mixing drives high mixed layer temperatures in
steep regions; the rate of ice-ocean heat transfer and the
mixed layer thickness control where entrained heat is used
for melting. The ratio of the entrainment rate and the ice-
ocean thermal exchange velocity governs the local response
to changes in slope. The distribution of melting, area-
integrated melting rates, and the response to changes in
ocean heat content and basal slope thus depend on ice
shelf morphology. Although interaction with open-ocean
dynamics adds complexity to this analysis, the glaciological
control of near-ice ocean properties is likely to remain
important.

[7] This paper is organized as follows: in section 1, the
key barriers to heat flux and details of the numerical model
are reviewed; section 2 describes the mixed layer dynamic
regimes and their influence on basal melting’s sensitivity to
temperature and shape; and section 3 highlights the physics
underlying the results, assesses the implications for glacio-
logical and climate models, and underscores the importance
of the coupled ice-ocean response.

1.1. Setting up the Physics

1.1.1. Efficiency of Basal Melting
[8] Only a fraction of the heat content of subsurface water

is used to melt ice shelves; here, this fraction is termed the
efficiency of basal melting. As water is advected across the
continental shelf and under the ice shelf, efficiency losses
can be quantified at dynamic barriers. These barriers are
illustrated schematically in Figure 1: they include (1) the
open-ocean mixed layer, where heat may be lost to the
atmosphere; (2) the ice shelf front, where a fraction of
the subsurface water is advected under the ice shelf; (3) the
sub–ice shelf mixed layer, where a fraction of interior water
is entrained; and (4) the ice-ocean interface, where mixed
layer heat may be used to melt ice. Not all of the heat
transferred to the ice shelf is used for melting; there may be
conductive heat loss to the ice. This paper principally
examines the efficiency of heat flux through the mixed layer;
however, each barrier may influence the sensitivity of
melting to open-ocean heat content.
1.1.2. Subice Mixed Layer Heat Balance: Two Barriers
to Melting
[9] Insight into ice shelf–ocean heat fluxes can be gained

from reduced-gravity models (i.e., with one active oceanic
layer) of varying degrees of complexity [Jenkins, 1991;
Payne et al., 2007]. Several dynamical processes are absent
from these models, including steady flow at depth [Little

Figure 1. Key barriers (numbered arrows) in the transfer of oceanic heat to an ice shelf may be spatially
segregated. The barriers illustrated schematically here are as follows: barrier 1, the base of the open-ocean
mixed layer; barrier 2, the ice shelf front; barrier 3, the base of the sub–ice shelf mixed layer; and barrier
4, the ice shelf interface. Any unused heat may be advected out of the ice shelf cavity (dotted arrow). The
black rectangle highlights the sub–ice shelf mixed layer subdomain, further described in Figure 2.
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et al., 2008] and time-dependent oceanic forcing [Makinson,
2002; Thoma et al., 2008]. Yet a reduced-gravity approach is
plausible for ice shelves exposed to a sluggish, relatively
uniform water mass; it is also a useful introduction to the
dynamics further explored with 3-D numerical simulations.
[10] In this framework, a well-mixed layer (schematically

illustrated in Figure 2) is composed of interior water and
meltwater. The mixed layer varies temporally and horizon-
tally in depth, thermodynamic properties, and tracers, but is
vertically homogeneous in tracers and momentum. The layer
is lighter and cooler than the interior; its temperature (T)
depends on the heat balance. In a steady state,

qA ¼ qE þ qL þ qC : ð1Þ

The heat fluxes in equation (1) refer to advection within
the mixed layer (qA), entrainment from the motionless
interior (qE), latent cooling (qL), and conduction into the
ice shelf (qC). Because the emphasis of this paper is on the
oceanic heat balance, heat used to melt ice is defined to be
negative (opposite to QM

T , as defined by Holland and
Jenkins [1999]), and ice-ocean fluxes are aggregated; that
is, qI = qL + qC.
[11] Heat flux to the ice through a viscous sublayer may

be modeled using an thermal exchange velocity, gT [Kader
and Yaglom, 1972, 1977], such that

qI ¼ r0cpgTDTI : ð2Þ

In equation (2), DTI = TB – T is the temperature difference
across the sublayer, that is, between the salinity and pressure-
dependent freezing point and the local mixed layer
temperature, cp is the specific heat of the mixed layer,
and r0 is a oceanic reference density. Various formulations
for the thermal exchange velocity have been proposed,
incorporating stabilizing buoyancy fluxes and molecular
diffusion; yet where flow is dominantly buoyancy driven,
gT remains a strong function of the friction velocity, u*
[Holland and Jenkins, 1999]. Observational constraints on
gT have been gained from a limited set of measurements
under sea ice [McPhee, 1992, 1999].
[12] Sublayer salt fluxes may be addressed with an

analogous salinity exchange velocity (gS) [Mellor et al.,
1986]. Slow diffusion of salt through the sublayer will
increase the freezing point at the ice interface relative to that
of the mixed layer. For simplicity, in this section, the mixed
layer–ice temperature gradient is assumed to be large relative
to salinity- or pressure-dependent changes in the freezing
point. Variability in the freezing point is included in the
numerical simulations.
[13] Ignoring conduction and assuming a fully turbulent

sublayer, the ice shelf melting rate is given by

m0 ¼ � ro
rI

cpgT
Lf

DTI ; ð3Þ

where rI is the density of the ice shelf and Lf is the latent
heat of fusion of ice. Mixed layer temperature (via DTI) and
flow speed (via gT) influence the melt rate. A positive melt
rate indicates freshwater input to the mixed layer, driven by
a mixed layer temperature above the in situ freezing point.
[14] Turbulent entrainment (e0) across the base of the

mixed layer supplies heat and salt to the mixed layer. Local
shear is of primary importance, but entrainment is also
influenced by stratification and nonlocal mixing processes.
If tidal forcing is weak (as in the Amundsen Sea [Padman et
al., 2002]), shear-driven entrainment, driven by buoyant,
near-ice flow, is likely to be the dominant source of mixing.
To date, ice shelf–ocean models have employed an inter-
facial Richardson number criterion [Holland and Feltham,
2005], or a surface-stress-driven turbulent kinetic energy
balance [Holland and Jenkins, 2001; Little et al., 2008] to
determine the rate of entrainment. Equation (1) can then be
expanded:

u � r hTð Þ ¼ �e0DTM þ gTDTI ; ð4Þ

where DTM = T – TD is the temperature difference across
the base of the mixed layer, TD is the temperature of the
interior, u is the horizontal velocity, and h is the thickness of
the mixed layer.
[15] Further insight into the barriers to melting can be

gained by assuming that advection is negligible. In this
case, a 1-D local balance holds, and equation (4) can be
rewritten:

e0

gT
¼ DTI

DTM
: ð5Þ

Figure 2. In the reduced-gravity and 3-D numerical models
used in these experiments, oceanic heat fluxes (where qA, qI ,
and qE are advective, ice-ocean, and entrained heat fluxes,
respectively) along the longitudinal axis of an ice shelf are
discretized with a bulk mixed layer. The temperature of the
mixed layer (T) is bounded by the in situ freezing point (TB)
and the interior temperature (TD).
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The ice shelf does not feel the unmodified interior
temperature (TD); heat is partitioned between the mixed
layer and the interior. In equation (5), the mixed layer
temperature is in equilibrium (TE) with the ice-ocean and
interior–mixed layer heat fluxes [Lane-Serff, 1995]; TE
indicates the relative magnitude of gT and e0.
[16] In the limit of rapid latent heat flux (gT � e0), the

temperature of the mixed layer approaches the freezing
point; the rate of entrainment limits melting. If gT and e0

are of the same magnitude, not all of the heat entrained into
the mixed layer is transferred to the ice. Importantly, if gT
and e0 have a different dependence on physical constraints
(e.g., slope), the ratio in equation (5) will vary spatially,
driving horizontal gradients in mixed layer temperature and
melting.
1.1.3. Defining Efficiency
[17] In this paper, sub–ice shelf (internal) control of

oceanic heat is assessed at two barriers: the base of the
mixed layer and the ice-ocean interface (barriers 3 and 4 in
Figure 1). At each location, quantities may be defined to
assess the efficiency: here, they are denoted as the entrain-
ment efficiency ( fE) and the ice-ocean efficiency ( fI),
respectively.
[18] If interior water properties are uniform and diffusive

heat fluxes are negligible, the entrainment efficiency is
simply the volume fraction of interior water entrained into
the mixed layer. For an ice shelf with a north-south aligned
front at its western boundary, in a steady state,

fE ¼

RxW
xE

RyN
yS

e0@y@x

RyN
yS

uþ xwð ÞhD xwð Þ

6666664
7777775; ð6Þ

where yN, yS, xE, and xW are the boundaries of the ice shelf,
u+ is the zonal velocity evaluated only where u > 0 (i.e.,
inflow), and hD is the thickness of the interior layer.
[19] Heat entrained into the mixed layer may be used at

any location along the ice shelf. This heat flux, the total
available for melting, can be expressed as

qT ¼ �e0DTT ; ð7Þ

where the overall thermal driving is DTT = DTI + DTM =
TB-TD. Here, for convenience, we define qT

MAX as the max-

imum available heat for melting, where DTT
MAX = TB

MIN-TD,

and TB
MIN is the minimum freezing point along the ice shelf.

Because mixed layer temperatures are high, small differences
in the choice of the (spatially varying) freezing point do
not affect the results. SinceDTT

MAX >DTM (unless the mixed
layer is supercooled), in a local balance (equation (5)),
entrainment delivers more heat than that required for basal
melting.
[20] Along the zonal axis of the ice shelf, assuming the

mixed layer flows upslope, the excess heat flux (HX) is

HX xð Þ ¼
Zx
XE

QMAX
T þ QI

� �
@x; ð8Þ

where meridionally integrated heat fluxes are given in capital
letters. The gradient of excess heat along the ice shelf is

dHX

dx
xð Þ ¼ QMAX

T þ QI

� �
: ð9Þ

Integrated over the ice shelf, the fraction of entrained heat
used for melting (the ice-ocean efficiency) is

fI xwð Þ ¼ 1� HX xwð ÞRxW
xE

RyN
yS

QMAX
T @y@x

6666664
7777775; ð10Þ

and the overall efficiency of melting ( fO) is

fO ¼ fEfI xwð Þ: ð11Þ

In subsequent sections, we use a numerical model to examine
the magnitude and spatial distribution of mixed layer heat
fluxes, which influence the efficiency of melting and its
sensitivity to ice shelf morphology and ocean temperature.

1.2. Numerical Model

[21] Simulations were performed with the Hallberg
Isopycnal Model [Hallberg and Gnanadesikan, 2006], a
Boussinesq, 3-D, numerical ocean model. The model incor-
porates the barriers to heat transfer (barriers 3 and 4 in
Figure 1) using a bulk mixed layer [Hallberg, 2003] and a
thermodynamic parameterization of ice-ocean fluxes [Little
et al., 2008] (after the three-equation formulation of Holland
and Jenkins [1999]). A local turbulent kinetic energy (TKE)
balance determines the rate of entrainment. The mixed layer
shoals in response to ice shelf melting and deepens with
increasing shear, scaling with the Monin-Obhukhov length
scale [Niiler and Kraus, 1977]. Shear production of TKE
is calculated using a quadratic drag law employing a spatially
and temporally fixed drag coefficient of 2.5 � 10�3.
Interior and nonlocal mixing may be addressed using
additional parameterizations [Hallberg, 2000; Jackson et
al., 2008]; given the limited vertical resolution, these were
not included in these simulations.
[22] The morphological details of ice shelves vary owing

to local bedrock topography and embayment shape, which
modify the stress balance and thus the ice shelf thickness
and flow rate. Spatially comprehensive, accurate ice thick-
ness measurements are difficult to obtain without concerted
effort [Corr et al., 2002]. Yet it is known that the aspect ratio
of ice shelves, even within the Amundsen Sea, varies
considerably; from confined, narrow, deep ice shelves (Pine
Island Ice Shelf, or PIIS, �2300 km2) to large ice shelves
covering multiple embayments (Getz Ice Shelf, > 30,000 km2)
[Shepherd et al., 2004]. These ice shelves exhibit strong
longitudinal (along-ice flow) thickness gradients; near
grounding lines, basal slope may be an order of magnitude
larger than tens of kilometers down-glacier [Corr et al.,
2001].
[23] In the numerical simulations, the principal configu-

ration (BASE) aims to reproduce key large-scale aspects of
PIIS; it features a zonally uniform bathymetric trough
(maximum depth 900 m) that is intersected by a meridionally
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uniform ice shelf (Figures 3a and 3b). The depth of the ice
shelf base (B) as a function of distance to the east (x, in m)
is described by

B ¼ min 240;
a1

a2 � x
1000

� �:25
( )

; ð12Þ

where a1 = 2200 and a2 = 106.
[24] The slope of the BASE case thus varies from 0.06 at

the deepest location in the domain (x = 100 km) to near zero
at 20 km. This shape is smaller and steeper than those used
in other idealized studies [HJH08; Walker et al., 2008], and
defines a grounding line that circumscribes the ice shelf
cavity. To illuminate slope- and scale-driven control of basal
melting, alternate ice shelf aspect ratios are examined
(described in Table 1 and Figures 3c–3f). In all config-
urations, the minimum water column thickness is 10 m.
[25] All simulations are initialized with a 10 m thick

mixed layer at the in situ freezing point and an interior layer
initialized at a fixed temperature (TD) that varies between
�2.0�C to 1.5�C across simulations; the salinity of the
interior is always 34.9 practical salinity units (psu). Layer
interfaces and properties are restored to initial values over

the western 1/5 of the model domain. To mitigate any effects
of the applied restoring, only the eastern 3/5 of the domain
is analyzed (the ‘‘analysis region’’). Buoyancy-driven flow
and tracer properties are allowed to evolve over 60 days. In
all model runs, basal melting rates and kinetic energy
stabilize after �20 days, and all output discussed in this
paper reflects quantities averaged over the final day of the
simulation.
[26] The ice shelf is nondynamic, implying a steady local

mass balance. Heat conduction into the ice is described by

Figure 3. Schematic (a) cross-section and (b) map views of the principal configuration (BASE)
employed in these simulations. Figure 3a depicts the ice shelf draft at y = 20 km. Contours in Figure 3b
indicate the water column thickness (hWC); the dotted line is the location of Figure 3a. (c–f) Alternate ice
shelf configurations (further described in Table 1). Vertical shading indicates the portion of the domain
where interface heights, temperature, and salinity are restored to their initial conditions. Analysis of the
simulations is performed only on the easternmost 3/5 of the model domain (hatched regions), limiting the
influence of the applied restoring.

Table 1. Details of Alternate Ice Shelf Configurationsa

W
(km)

L
(km)

A
(103 km)

D
(m)

qmax
(10�2)

�qO
(10�2)

�qI
(10�2)

BASE 40 60 2.2 900 6.4 0.88 4.4
WIDE 80 60 4.4 900 6.4 0.88 4.4
LONG 40 120 4.6 900 6.4 0.42 4.4
DEEP 40 60 2.3 1200 8.6 1.21 5.9
BIG 80 120 8.7 900 3.2 0.44 2.9

aW, L, and D are the maximum width, length, and depth of each ice shelf
cavity. A is the area of the ice shelf base. The basal slope is averaged over
the entire analysis region and the initiation (westernmost 5 km) region
(O and I subscripts, respectively). All dimensions are for the analysis region
of each simulation.
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an advective/diffusive heat balance [Holland and Jenkins,
1999]; the interior ice temperature is assumed to be �15�C.
No ice shelf front or open ocean is included; simulations
with a portion of the domain outside of the ice shelf cavity
did not change the nature of the results.

2. Results

[27] Oceanic heat initiates differential melting that, when
coupled to the circulation, establishes the steady state mixed
layer hydrography, flow, and heat fluxes illustrated for the
BASE case (TD = 1.0�C) in Figures 4a–4c. Gradients in
DTI are driven by ocean temperature, rather than the in
situ freezing point, which varies little underneath the ice
shelf; salinity-dependent changes in the freezing point
compensate for its pressure dependence. Temperatures
are highest near the grounding line, reaching a maximum
of 0.1�C (DTI

max = 1.93�C). Since the mixed layer is
comprised solely of interior water and ice shelf meltwater,
salinity gradients are proportional to those of temperature
[Gade, 1979]. Though the meltwater fraction by volume is
relatively small (�25 ppt), especially near cavity boundaries,
melting cools and freshens the mixed layer; the addition of
buoyancy drives a southwestward frictional-geostrophic
flow [Price and Baringer, 1994]. Mixed layer thicknesses
are generally less than 10 m, with regions near boundaries
less than 2 m. There is little meridional (transverse to the

ice flow) variation in oceanic properties or melting rates,
except adjacent to the southern boundary, where flow
converges.
[28] High mixed layer temperatures coincide with maxi-

mal rates of entrainment (e0�4000 m yr�1) of interior water.
Despite ongoing entrainment of heat, the mixed layer cools
as it flows upslope, reaching �1.4�C approximately 30 km
from the grounding line. Along flow paths, temperature
decreases monotonically; the velocity profile is more com-
plex. Two factors contribute to the relatively constant flow
speed (�0.20 ms�1) over the western 30 km of the domain:
(1) As meltwater accumulates upslope, density and slope-
driven contributions to the pressure gradient compensate;
and (2) near the deepest part of the ice shelf, frictional drag
is larger, owing to the thin mixed layer. Flow speed and
turbulent mixing are coupled, increasing in tandem until
decreasing slope acts to weaken the pressure gradient. As a
result of the spatial decorrelation of temperature and veloc-
ity, melting rates, driven by the product of these properties
(equation (3)), are maximized over a broad region approx-
imately 5–10 km from the grounding line. The maximum
melting rate is 49 m yr�1; it is shifted upslope of the
entrainment maximum.

2.1. Mixed Layer Dynamic Regimes

[29] To examine these strong zonal gradients in mixed
layer temperature and salinity, it is useful to divide the

Figure 4. Steady state mixed layer properties in the eastern 60 km of the BASE case (TD = 1.0�C) are
forced by strong spatial gradients in heat fluxes. (a) The mixed layer temperature (T, �C, shading) and in
situ freezing point (TB, �C, contours). (b) The entrainment rate (e0, m yr�1, shading) and ice shelf melting
rate (m0, m yr�1, contours). (c) The mixed layer salinity (S, practical salinity units (psu), shading),
thickness (h, m, contours), and velocity (u, ms�1, vectors). (d) Meridionally integrated heat fluxes (-QI,
the heat flux to the ice; QT, the entrained heat flux relative to the freezing point; and QE, the entrained heat
flux) plotted against the right-hand axis. The excess heat flux (HX) is overlain as a thick red line against
the left-hand axis. Vertical lines indicate the initiation (I), maintenance (M), and outflow (O) regions.
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cavity into three regions: the ‘‘initiation’’ region, here,
defined to be within 5 km of the deepest point of the ice
shelf; the ‘‘maintenance’’ region, between 70 and 95 km;
and the ‘‘outflow’’ region, west of 70 km. The regions are
differentiated by their heat balance (Figure 4d): slope-driven
changes in the rate of entrainment, flow speed, and mixed
layer thickness control local temperature and importance of
advection. Although these regimes share characteristics
with those described by Lane-Serff [1995], the mixed layer
dynamics in these 3-D simulations differ.
[30] In the initiation region, the flux of heat available for

melting (QT) rapidly increases to several times larger than
the ice-ocean heat flux (QI), driving high mixed layer
temperatures (T) and rapid accumulation of heat (HX).
Here, where a local heat balance (equation (5)) is appli-
cable, the partitioning of the ice-interior temperature
gradient (DTT

900m � �3.3�C, DTI
900m � �1.9�C) indicates

that e0 exceeds gT.
[31] In the maintenance region, QT decreases rapidly;

advection (QA = QI + QE) weakens horizontal temperature
gradients driven by the shape of the ice shelf. Since a
nonnegligible advective heat flux is maintained, the heat
balance is better described by equation (4). Including

nonlocal contributions to the heat balance increases DTI
relative to equation (5) (i.e., T > TE); ice-ocean heat flux
(QI) increases in proportion to the advected anomaly, T-TE,
cooling the mixed layer. As seawater rises along the
(thinning) ice shelf, decreasing entrainment acts to increase
QI relative to QT; mixed layer cooling opposes this tendency.
The transition between accumulation and use of heat (where
QT = �QI and @HX/@x = 0) occurs approximately 15 km
from the grounding line in the BASE configuration; it is
controlled by local slope (which drives e0/gT) and the
upstream morphology (which controls advected heat, and
thus gives DTI/DTT).
[32] In the outflow, QI exceeds QE, but heat fluxes are

greatly reduced compared to regions of higher slope. The
decay of excess heat (@HX/@x) decreases sharply as south-
ward flow converges; even though the mixed layer temper-
ature is higher than a local heat balance dictates, it relaxes
only slowly toward the freezing point. In the BASE simu-
lation, QI exceeds QE along the entire extent of the
maintenance and outflow regions; the decay of excess heat
is incomplete. In aggregate, these regimes conspire to trap
previously entrained heat in the mixed layer (which exits the
analysis region at approximately �1.5�C, well above the

Figure 5. (a–d) Mixed layer heat fluxes for alternate configurations indicate that distinct mixed layer
regimes and inefficiency are pervasive features. Meridionally integrated heat fluxes (-QI, the heat flux
to the ice; QT, the heat flux relative to the freezing point; and QE, the entrained heat flux) are plotted
against the right-hand axis. The excess heat (HX) is overlain as a thick line against the left-hand axis.
The interior temperature (TD) in each plot is 1.0�C.
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local freezing point), so that the area-integrated ice-ocean
efficiency ( fI) is 87%.

2.2. Shape and Temperature Sensitivity

[33] Changes in the interior temperature, aspect ratio, or
the area of the ice shelf do not change the nature of the three
regimes (Figure 5). Meridional variability remains weak;
changes in the ice shelf aspect ratio add more, longer, or
steeper flow paths along the ice shelf base. The results
obtained for alternate forcing and shape scenarios are
summarized in Table 2; they indicate that ice shelf slope
controls the entrainment of heat, the efficiency with which it
is used, and the distribution of basal melting.
[34] In all simulations, melting is concentrated in the

deeper parts of the ice shelf. This local enhancement of
melting occurs despite a smaller meridional extent of the ice
shelf in these regions. Maximum melting rates (m0MAX),
always located near the deepest part of the ice shelf, are 2.6
to 10.3 times higher than melting rates (�mO

0) averaged over
the analysis region. A more realistic representation of
stratification (a cooler, fresher upper water column) would
likely enhance this gradient.
[35] Steeper ice shelves have a higher mean melting rate;

area-averaged power laws of the form �mO
0 = cqn give an

exponent of 0.94 to 1.15 (dependent on the interior tem-
perature). However, basal melting’s sensitivity to slope is
hidden by spatial inhomogeneity (Figure 6). In the initiation
region, slope-dependent basal melting power laws (�mI

0 =
cqn) give an exponent of 1.21 to 1.37 (for each interior
temperature, the exponent is larger in the initiation region
than the analysis region).

[36] All configurations show a common, superlinear
response to increasing ocean temperature, although the
exact dependence differs; the details of morphology influ-
ence the response to temperature (Figure 7). Area-averaged
melting rates obtained over a temperature range �2.0�C �
TD � 1.5�C show negative deviations from a quadratic
scaling – which is consistent with earlier numerical studies
(HJH08). Power laws of the form �mO

0 = c(DTT)
n give an

exponent of 1.55 to 1.81.
[37] The slope dependence of entrainment is more pro-

nounced than that of melting, driving increases in advected
heat; as temperature and slope in the initiation region
increase, fI declines and distribution of melting shifts
seaward. Advective heat loss increases steadily with thermal
driving for all cavity shapes (shown for the BASE case in
Figure 8). Incomplete cooling drives a decrease in ice-ocean
efficiency, driving divergence from a quadratic scaling.
[38] In these simulations, the efficiency of entrainment

( fE) is always below 55%, indicating a significant amount
of heat is recirculated underneath the ice shelf, however, it
does not exhibit strong trends with temperature or ice shelf
shape.

3. Discussion

[39] These results indicate that ice shelf basal slope
controls the entrainment of heat into the mixed layer.
However, they indicate that the processes controlling how
this heat is transferred to the ice may complicate simple
melting/slope and melting/interior temperature scaling laws.
The underlying physics, as well as their implications for
modeling and observational efforts, are discussed below.

3.1. Local Slope Dependence of the Melting Rate

[40] The slope dependence of turbulent entrainment may
be examined using energetic considerations. Mechanical
energy derived from surface stress at the ice interface mixes
the local meltwater flux and entrained interior water [after
Niiler and Kraus, 1977]:

u3
*
k
¼ h

2
B0 � bge0DSMð Þ; ð13Þ

where u* is the friction velocity (ms�1), h is the thickness of
the mixed layer (m), k is Von Karman’s constant, g is the
acceleration due to gravity (ms�2), b is the salinity
contraction coefficient, DSM = S – SD is the salinity
difference across the base of the mixed layer, SD is the
salinity of the interior (psu), and B0 is the buoyancy flux at
the ice-ocean interface (m2s�3). Ignoring thermal expansion
and meltwater input, the buoyancy flux is given by

B0 � �bgm0S: ð14Þ

The local salt balance in the mixed layer is

e0 ¼ m0S

DSM
: ð15Þ

Table 2. Summary of Temperature and Shape Sensitivity

Analysisa

Simulation �m0O �m0I �m0max jx75%j f M f E

BASE
�1.5 1.20 5.92 4.63 0.35 0.95 0.24
�0.5 5.49 19.87 15.30 0.44 0.90 0.25
0.5 11.90 38.45 29.61 0.47 0.89 0.26
1.5 21.03 60.29 46.61 0.54 0.87 0.24

WIDE
�1.5 1.15 5.99 4.67 0.31 0.97 0.23
�0.5 5.43 19.95 15.38 0.42 0.94 0.25
0.5 11.95 38.42 29.71 0.46 0.92 0.26
1.5 20.40 60.49 46.95 0.50 0.91 0.29

LONG
�1.5 0.65 6.76 5.49 0.18 0.92 0.27
�0.5 2.99 22.47 17.96 0.24 0.89 0.43
0.5 6.55 43.82 34.73 0.27 0.86 0.36
1.5 11.50 69.43 54.82 0.31 0.85 0.54

DEEP
�1.5 2.31 10.02 7.84 0.36 1.01 0.39
�0.5 9.08 29.47 22.51 0.45 0.96 0.34
0.5 18.94 54.81 41.61 0.49 0.94 0.33
1.5 31.75 84.73 64.13 0.52 0.93 0.29

BIG
�1.5 0.56 4.23 2.81 0.26 0.92 0.15
�0.5 2.58 13.77 8.92 0.33 0.86 0.22
0.5 5.92 26.39 17.00 0.40 0.85 0.26
1.5 10.94 41.56 26.47 0.52 0.84 0.30
aThe melting rate (m0, in m yr�1) is averaged over the entire analysis

region and the initiation (westernmost 5 km) region (O and I subscripts,
respectively). jx75%j is the fraction of the analysis region over which 75% of
the melting (integrated from the eastern boundary) occurs. For example, in
the BASE, �1.5�C, simulation, 75% of basal melting occurs in the eastern
35% of the ice shelf.
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Combining equations (13)–(15), we get

u3
*

bkgh
� e0DSM : ð16Þ

Scaling equation (16), letting u* � U � DSsinq � DSq,
where q is the angle if the ice shelf’s lower surface with
respect to a geopotential surface, we get

E � DS2q3

H
: ð17Þ

A scaling for H must be consistent with mass conservation;
that is,

E � UH

L
; ð18Þ

suggesting that H�U and E�U. This dependence is
captured in the simple form for entrainment [Pedersen,
1980] employed by HJH08 and Jenkins [1991]:

e0 ¼ cEjuj sin q; ð19Þ

where cE is an empirical constant; it is also consistent with a
Richardson number scaling: in a buoyancy-driven current,
for any density gradient, flow speed increases with slope.
[41] In the BASE simulation, e0 is poorly predicted by

flow speed (Figure 9a), but improves upon introducing the

local slope (Figure 9b), implying that the form of equation
(19) is adequate. Using equations (3), (5), and (19), the
control of mixed layer temperature and melting rates can be
expressed in terms of the overall thermal driving (DTT):

DTI ¼
gT
e0
þ 1

� ��1
DTT ; ð20Þ

m0 / gT e
0

gT þ e0
DTT : ð21Þ

The magnitude of e0 and gT determines the sensitivity to
slope. Although e0/gT varies over the ice shelf, numerical
simulations indicate that this ratio is O(1) over most of the
domain. Assuming U�q, and using equation (19), gT�q
and e0�q2. A scaling for mixed layer temperature and
melting rate in a local heat balance is then given by

T � q
1þ q

; ð22Þ

m0 � q2

1þ q
: ð23Þ

In Figure 6, e0 approaches a quadratic dependence with
slope (expected if U�DSq), while gT shows a slight
negative departure from linearity [Holland and Jenkins,
1999]. As predicted by equation (23), the numerical model

Figure 6. Mixed layer heat fluxes exhibit different dependence on local slope, and their sensitivity
to slope is a function of the area over which quantities are averaged. In the legend, the values of gT
(the ice-ocean transfer velocity), e0 (the mixed layer entrainment rate), m0 (the melting rate), and DTI
(the ice–mixed layer temperature gradient) are spatially averaged over the analysis region (‘‘overall,’’ in
solid symbols) and the first 5 km (‘‘initiation,’’ in open symbols) for all configurations employed in these
experiments (TD = 1.0�C). The trend lines shown are for power laws of the form x = cqn, where the exponent
exponent n is noted in the legend.
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confirms a slope dependence of basal melting intermediate
between that of e0 and gT; mixed layer temperature exhibits
a weaker dependence, as predicted by equation (22).
[42] These simulations suggest that the parameterization

of entrainment is important in large-scale models, especially
the nature of its divergence from the ice-ocean exchange
velocity. Though buoyancy fluxes affect this ratio, they
drive e0 and gT in the same direction. Slope should be
expected to drive large variations in equation (5); even weak
dependence will drive substantial spatial variability under
realistically shaped ice shelves.

3.2. Role of Advection and Efficiency

[43] The presence of subsurface meltwater-freshened wa-
ter masses substantially above the surface freezing point
near ice shelves in the Bellingshausen [Jenkins and Jacobs,
2008] and Amundsen [Jacobs et al., 1996] Seas suggests
that heat near the ice-ocean interface is unused. The
simulations described here indicate that this inefficiency is
driven by the slow decay rate of advected thermal anomalies
(T-TE) originating in regions of higher slope.
[44] The temperature of outflow (�1.5�C) is insensitive

to ice shelf shape; ice-ocean heat flux is controlled primarily

by the thickness of the mixed layer, rather than the distance
traveled along the ice shelf base. A minimum decay length
scale for excess heat can be examined by assuming that
(1) the relatively small meltwater fraction does not
change the volume or temperature of the plume, (2) TB,
h, and basal slope are constant along the ice shelf, and
(3) a constant drag coefficient and a weak dependence of
gT on buoyancy flux (HJH08); that is,

gT ¼ gT juj; ð24Þ

where juj is the flow speed and gT is a constant transfer
velocity. Equation (4) may then be rewritten:

dT

ds
¼ 1

h
gTDTI � cEDTMð Þ; ð25Þ

where cE is a constant that includes the (constant) slope. In
equation (25), a thermal anomaly will decay toward TE with
an e-folding length scale that is solely a function of the layer
thickness and the transfer velocity. For cE = gT = 4 � 10�4

and 2 < h < 10 m, the initial thermal forcing decays
exponentially over 40 to 200 km, indicating that advective
heat loss is likely.
[45] Mixed layer cooling is slowed further by down-

stream convergence. Using a 2-D plume model, Lane-Serff
[1995] observed that the layer thickness along the flow path
of an entraining plume controls its dependence on the
ice-ocean heat flux: a thicker layer decreases the cooling
rate. Here, in 3-D simulations, horizontal flow conver-
gence drives the retention of mixed layer heat. Since the
frictional-geostrophic current in this simulation flows south-
west (Figure 4b), with an upslope turning angle dependent
on frictional drag, the southern boundary traps the buoyant

Figure 7. Melting rates are uniformly higher as interior
temperature increases, but decreases in ice-ocean efficiency
drive a departure of the area-averaged melting rates (�mO

0,
m yr�1) from a quadratic dependence on thermal driving
(DTT

MAX) for all ice shelf configurations. A quadratic
extrapolation of the BASE case melt rate based on the
increase from 0�C to 1�C of thermal driving is included
(black solid line) for comparison.

Figure 8. Area-integrated ice-ocean (circles) and en-
trained (triangles) heat fluxes diverge with increasing
thermal driving in the BASE case. The difference between
these two heat fluxes is approximately equal to the heat
exported from the ice shelf cavity, shown with crosses.
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outflow. If there is no entrainment or detrainment from the
mixed layer, mass is conserved in the boundary current:

VHM

LM
� UHO

LO
: ð26Þ

Scales for velocity, layer thickness, and the width of the
maintenance region are given by V, HM, and LM,
respectively; those for the outflow region are given by U,
HO, and LO. Velocity scales can be derived for boundary
currents and geostrophic flow, but are functions of slope,
which varies greatly in these experiments. In Figure 4c,
flow speed in the outflow and maintenance regions are
similar. Assuming U and V are equivalent in equation (26),
the thickness of the outflow is determined by the relative
widths of the boundary current and the ice shelf. The
width of outflowing boundary currents under ice shelves
are governed by dynamics explored by Little et al. [2008];
they are likely to be narrower than ice shelves, forcing
convergence.
[46] With the simplified morphology employed here, side

boundaries cause convergent flow, however, smaller-scale
subice basal features (channels) may also act to channel
outflow; the relevance of the outflow dynamics may not be
limited to simplified domains. The importance of flow
convergence to melting rates and distributions implies that
a 2-D (x-z) approach along the ice shelf flow may be
limited, even in the absence of small-scale features.

3.3. How Efficiency Affects Basal Melting’s Sensitivity
to Temperature

[47] The zonal distribution of heat fluxes in the BASE
case (Figure 10a) indicates that entrained heat in the
initiation and maintenance regions increases with interior
temperature, yet a substantial fraction is unused. If a mixed
layer with an initial thermal anomaly flows along the ice

Figure 9. Regressions of e0 and gT against (a) flow speed (juj) and (b) jujq (e0 only) indicates that
entrained heat is strongly governed by basal slope. In Figures 9a and 9b, each grid point in the analysis
region of the BASE simulation (TD = 1.0�C) is plotted. In Figure 9a, gT shows only a slight departure
from linearity with flow speed. Entrainment is clearly a nonlinear function of flow velocity; including
slope (Figure 9b) improves the regression dramatically, but e0 remains systematically higher at high slopes.

Figure 10. The meridionally averaged (a) excess heat (HX)
and (b) ice-ocean temperature gradient (DTI), shown for
four interior temperatures (0.0�C < TD < 1.5�C), reveals
accumulation of heat not compensated by downstream
cooling. Vertical lines separate the initiation (I), main-
tenance (M), and outflow (O) regions.
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shelf without further entrainment, equation (25) can be
integrated to describe the temperature along a flow path:

T xð Þ ¼ T0 � TE½ 	e�
cEþgTð Þ

h
x þ TE: ð27Þ

Defining DT as the temperature drop across the region of
advective influence, and T0 as the maximum mixed layer
temperature attained in the initiation region (assumed to be
in a local heat balance, where T0�TD), we get

DT � DTDe
� gT

h
x: ð28Þ

Where advective heat flux is nonnegligible, the local
thermal response to sub–ice shelf warming is a fraction
of the increase in the initiation region: cooling occurs
gradually over the ice shelf. If mixed layer dynamics do not
change dramatically with interior temperature, some of the
increase in entrained heat remains in the mixed layer as it
escapes the ice shelf. Meridionally averaged temperature
profiles from the numerical results (Figure 10b) support this
simple analysis: the local response is constant over the
range in interior temperature, and the temperature of the
mixed layer at the ice shelf front increases by 0.6�C over a
1.5�C range in TD.
[48] In a simplified set of equations describing the sensi-

tivity of basal melting to ocean temperature, HJH08
assumes all heat in the well-mixed layer beneath the ice
shelf is used for melting (fI = 1). When melting is limited by
ice-ocean heat flux (gT), a scaling law based on entrainment
will not be valid. Only a fraction of entrained heat is used.
Because this fraction decreases with temperature, area-
integrated melting and entrainment exhibit a differing sen-
sitivity to ocean thermal forcing.

3.4. Implications for Simple Models and
Parameterizations of Basal Melting

[49] The slope-dependent dynamics explored here may
inform efforts to develop simple models that represent (1)
patterns of basal melting along the longitudinal axis of an
ice shelf [Walker et al., 2008] and (2) aggregated ice-ocean
heat and freshwater fluxes [Beckmann and Goosse, 2003].
Although the principal configuration and oceanographic
conditions examined here were chosen with reference to
the Amundsen Sea, the large range of thermal forcing and
shapes employed in the numerical simulations imply that
these findings may be more broadly applicable.
[50] For glaciological considerations, sharp, slope-driven,

spatial gradients in temperature, velocity, and melting imply
that an area-averaged representation will not adequately
characterize basal melting (or its response to climate). Since
much of the ice shelf contributes very little to basal melting,
efforts should focus on characterizing the physical processes
responsible for melting deeper, steeper portions of the ice
shelf.
[51] Yet even over subsections of the ice shelf, develop-

ing a generalized relationship that accounts for spatial
variable dynamics poses difficulties. As the majority of
ice shelf melting in these simulations occurs in the mainte-
nance region, accounting for nonlocal heat sources may be
required to estimate the longitudinal distribution of melting.
Additionally, the local melting rate is a function of both the
thermal forcing and the flow speed (equation (3)). Simple

basal melting models require spatially correlated rates of
increase for these variables. Prior efforts to develop scaling
laws have used a meltwater-dependent geostrophic approx-
imation to account for flow speed. However, these simu-
lations do not show a clear salinity-flow speed relationship,
owing to the spatially varying slope and frictional effects in
thin mixed layers and near side boundaries.
[52] Ignoring advective heat fluxes, the simplest model

for temperature and basal melting (equations (20)–(23))
requires a functional form for e0 and gT that captures their
slope dependence and relative magnitudes, underscoring the
need for observational validation of these parameters.
[53] The distribution of melting under an ice shelf may be

less relevant for large-scale climate modeling, in which
integrated ocean-cryosphere heat and freshwater fluxes are
paramount. Yet the strong slope dependence of entrainment,
melting, and ice-ocean efficiency influences these integrated
quantities. In these simulations, integrated heat fluxes are
more dependent upon the local response to slope than
changes in efficiency, but the absolute magnitude of each
effect will depend strongly on oceanographic conditions and
the details of the ice shelf shape. At a minimum, these
findings suggest that models seeking to connect far-field
subsurface ocean temperatures to aggregate basal melting
rates should account for the gradient in basal slope muted
by an efficiency factor that is dictated by the large-scale
morphology and thermal forcing.
[54] This paper demonstrates that ice shelf shape and

subsurface temperature control melting rates; in fact, they
are interdependent. This poses difficulties for the develop-
ment of simple scaling relationships on an integrated basis,
that is, of the form

m0 ¼ fOqnqDTnT
T ; ð29Þ

where fO is an ice shelf efficiency factor, nq is the sensitivity
to slope, and nT is the sensitivity to temperature. Because
these exponents are functions of the ice-ocean efficiency,
melting may have a complex dependence onmorphology and
oceanographic conditions. Additionally, these results do not
indicate a consistent relationship between integrated melting
rates and overall efficiency. As temperature and shape are
changed, changes in the entrainment efficiency ( fE) and the
import of heat into the ice shelf are nonlinear; additional heat
for melting is not derived exclusively from either. Since the
heat flux into the ice shelf cavity in these simulations is a
slave to the buoyancy forcing (i.e., an infinite heat reservoir),
a detailed investigation of the dynamics controlling heat flux
at the ice shelf front is not possible. The interaction of internal
efficiency, the coupled melting/inflow response, and external
heat sources deserves further investigation.
[55] Perhaps more promising than the development of a

precise scaling law are studies that investigate the magni-
tude and timescale of the glaciological response to external
(subsurface temperature) and internal (ice shelf morphology)
perturbations. Defining regions of ice shelves that are critical
to ice shelf stability will also narrow the potential range
of responses.

3.5. Basal Slope Feedback

[56] Walker et al. [2008] analyzed the role of a fixed
distribution of basal melting on grounding line retreat,
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determining that increased rates near grounding lines were
of comparable importance to large changes in the area-
averaged melting; basal melting gradients changed the ice
shelf profile, grounding line location, and the behavior of
the grounded ice upstream.
[57] The results discussed here suggest an instability in

the coupled ice-ocean system (the ‘‘basal slope feedback’’)
if the distribution of melting is allowed to vary as a function
of ice shelf slope; an intensification of local and cavity-wide
melting rates driven by steeper ice shelves may further
increases basal melting rates. The initial perturbation may
be a change in ocean temperature, but it could also be
initiated by a change in grounding line ice flux or the stress
regime of the ice shelf.
[58] The coupled response to enhanced entrainment and

melting will govern the nature and strength of the basal
slope feedback. The change in oceanographic conditions
under different ice shelves suggests at least two possibili-
ties. Steeper slopes may increase the heat content of the
mixed layer and accelerate the flow, particularly near ice
shelf grounding lines. With these ocean-only simulations,
increased local melting implies that the ice shelf may
assume a more concave shape [Walker and Holland,
2007]. Although the local effect of a steeper slope domi-
nates the response of efficiency in these simulations, it is
possible that in a different parameter space, decreases in
efficiency could shut off the feedback. Ocean dynamics will
be strongly influenced by the glaciological response to
changes in melting, reinforcing the need for the develop-
ment and assessment of a hierarchy of coupled ice-ocean
models.

4. Conclusions

[59] In these simulations, large-scale ice shelf thickness
gradients foster mixed layer dynamic regimes that control
the location and rate of basal melting. Strong, slope-
dependent entrainment enhances melting in steep regions;
yet inefficiencies are present that limit the use of sub–ice
shelf oceanic heat under thinner, less steeply sloped
regions of the ice shelf.
[60] In a local heat balance, the mixed layer temperature

and melting rate is determined by the ratio of the entrain-
ment rate and the ice-ocean thermal exchange velocity. This
ratio also governs the local sensitivity of basal melting to
slope and interior ocean temperature. Given the importance
of advective heat fluxes and the idealized nature of these
simulations, a precise dependence of melting on slope is not
presented, yet these results indicate that ice shelf thickness
gradients drive comparable along-ice flow gradients in basal
melting.
[61] A superlinear dependence of melting is evident under

the deepest, fastest-melting part of ice shelves. Ice shelves
thus entrain heat and melt disproportionately in steep
regions, and they are most sensitive to changes in ice shelf
slope in locations that have high basal melting rates. The
disproportionate influence of narrow initiation regions near
the grounding line underscores the importance of oceano-
graphic constraints on mixing under steeper parts of ice
shelves; for models, accurate turbulence parameterizations
and an assessment of their sensitivity to spatial resolution
are critical.

[62] The use of entrained heat is limited by flow conver-
gence, a key feature of the outflow regime. Because mixed
layer flow converges rapidly in these simulations, outflow-
ing seawater has a temperature above the in situ freezing
point; it is more sensitive to the interior temperature and the
thickness of the mixed layer than the dimensions of the ice
shelf. Defining ice-ocean efficiency as the fraction of
entrained heat transferred to the ice allows its sensitivity
to shape, scale, and temperature to be quantified. Because
latent cooling lags increases in entrained heat, ice-ocean
efficiency decreases with increasing ocean temperature; the
deviation of previous modeling studies from a simple
scaling law may result from this advective heat loss.
[63] These simulations indicate that internal dynamics,

especially ice shelf shape, exert an influence on basal
melting rates that is comparable to that of oceanographic
properties outside the ice shelf cavity. Only 20–50% of
sub–ice shelf heat is used for melting; small changes in
efficiency may modify the response to a change in oceanic
forcing. Ice shelf morphology should thus be addressed in
climate model parameterizations and in the (presumably
more detailed) representation of basal melting incorporated
in ice shelf/ice sheet models. The importance of the physics
introduced here is scale-dependent; an assessment of each
modeling community’s needs, and comparison with obser-
vations, are required to extend these findings toward useable
parameterizations.
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