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ABSTRACT

An expression is derived for the critical horizontal gradient of subcloud-layer 8, in radiative—convective
equilibrium, sufficient for the onset of thermally direct, zonally symmetric circulations. This corresponds to zero
absolute vorticity at the tropopause. The expression is then generalized to nonsymmetric flows under the ap-
proximation that the corresponding radiative—convective equilibrium state is in geostrophic balance. Scale anal-
ysis shows that actual moist entropy distributions cannot be far from critical in large-scale Hadley, Walker, and
monsoon circulations. The balanced component of the surface winds can be calculated from the supercriticality
of the surface 6, distribution, and the secondary circulation can then be estimated from the surface stress.

1. Introduction

A straightforward equilibrium solution for the at-
mosphere is a state that is, column by column, in ra-
diative —convective equilibrium and for which the pres-
sure and wind distribution satisfies the nonlinear bal-
ance and hydrostatic equations with zero wind at the
surface. This will be an exact equilibrium solution if
the only dissipation in the system is associated with
turbulent convection and surface stress.

There are at least two conditions that such states
must satisfy if they are to correspond to observed states:
They must be stable to small perturbations, and they
must be attainable by a time-dependent adjustment
from a resting state. We will not here address the issue
of stability but will focus on the problem of attainability
by time-dependent evolution. )

One state that cannot be achieved by evolution from
a resting state is one in which the vertical component
of the absolute vorticity has the opposite sign of the
Coriolis parameter at a level at which the vertical ve-
locity vanishes, for no amount of divergence at such a
level can cause the absolute vorticity to change sign.'
If we assume that the tropopause corresponds to such

! This amounts to an extension to three dimensions of the theorem
developed by Schneider (1975, 1977) that angular momentum can
have no extrema in the interior of a steady, zonally symmetric flow;
this is, in turn, an extension of earlier work of Hide (1969).
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a level, then one sufficient condition for the nonviabil-
ity of the aforementioned equilibrium state is that the
product of the Coriolis parameter and the vertical com-
ponent of absolute vorticity be less than zero at the
tropopause:

fn. <0, (1)

where fis the Coriolis parameter and 7, is the vertical
component of absolute vorticity of the equilibrium so-
lution at the tropopause. (In all of the states considered
in this paper, |fn| decreases upward through the depth
of the troposphere.)

The two-dimensional version of condition (1) was
employed by Plumb and Hou (1992) as a critical con-
dition for the onset of zonally symmetric, thermally
direct circulations, generalizing from earlier work by
Schneider (1975, 1977) and Held and Hou (1980). My
purpose here is to phrase (1) as a condition on the
horizontal distribution of subcloud-layer moist entropy
(6.) in the radiative—convective equilibrium state and
to apply this expression to zonally nonsymmetric states.
I will also show, using scaling arguments, that ther-
mally direct circulations are efficient in relaxing su-
percritical conditions back to states close to the critical
state, implying that the geometry of tropical 6, distri-
butions is strongly constrained and that the degree of
supercriticality of the surface moist entropy distribution
can be used to calculate the surface winds.

2. The critical state in zonally symmetric moist
atmospheres

We approximate the vertical lapse rate of tempera-
ture in radiative—convective equilibrium as moist adi-
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abatic, so that the saturation entropy s* is constant with
height. (Here s* may also be written as ¢, Inf *, where
¢, is the heat capacity at constant pressure and 67 is
the equivalent potential temperature that the air would
have if it were saturated at the same temperature and
pressure.) This approximates the actual vertical tem-

perature profile of the tropical atmosphere, which is’

very close to a virtual moist adiabat (Betts 1982; Xu
and Emanuel 1989). For zonally symmetric flows in
gradient wind balance, the thermal wind relationship
may be written (cf. Plumb and Hou 1992)

da\ 1 tanp OM?
) ‘D——a2 cos’p Op ’

(2)

where ¢ is the latitude, « is the specific volume, a is
the radius of the earth, and M is the angular momentum
per unit mass:

M = a cosp(fla cosp + u), (3)

where (2 is the angular velocity of the earth’s rotation
and u is the zonal wind speed. The subscript p appear-
ing in (2) is a reminder that the derivative is taken
holding the pressure constant.

If we neglect the small effect of water on density,
the specific volume « can be regarded as a function of
'the two state variables s* and p:

a = a(s*,p), (4)
so that
(), (), 5
9/, 9s* ), Op |
From the first law of thermodynamics, one can derive
the Maxwell relation (cf. Emapuel 1986)

(a),~ (3)
Os* , op/..
The right-hand side of (6) is just the moist-adiabatic

lapse rate. Substituting (6) into (5) and (5) into (2)
gives

(3
(6)

oT\ 0% _ 1 tanp oM’
op/,. 9p " a’cos?p Op

(7N

Owing to the assumption of a moist-adiabatic lapse rate
- (s* constant with pressure), (7) can be directly inte-
grated between the surface and the tropopause to yield

(M? — Q%a*cos’p),
(8)

where T, and T, are the absolute temperatures at the
surface and tropopause, respectively, M, is the angular
momentum at the tropopause, and we have applied u
= 0 at the surface.
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In radiative—convective equilibrium, the saturation
moist entropy of the free atmosphere will be nearly
equal to the actual moist entropy of the subcloud layer;
this is just the condition for neutrality to moist convec-
tion. Thus, we may replace s* in (8) by the subcloud-
layer moist entropy s,:

Os, 1 tany
T,-T)yZ = _ —
( % Oy a? cos?p

(M? — Q%a*cos*p), (9)

where s, can also be written as ¢, 1nf,,, where 8,, is the
equivalent potential temperature of subcloud-layer air.

The condition of criticality, which is here taken to
be the vanishing of the vertical component of absolute
vorticity at the tropopause, is equivalent to the condi-
tion that M, be invariant with latitude. Differentiating
(9), this results in the critical condition

8 (cos’p 0Os,
[390 ( sinp (* 1) 0s0>]m-.

= —4Q%a? cos’p sinp. (10)

This condition is nearly identical to one derived by
Plumb and Hou (1992), but the derivation differs in
assuming that the vertical lapse rate of temperature in
the equilibrium state is moist adiabatic. Over the ocean,
s, is very closely related to the sea surface temperature,
being a function of the latter alone if the relative hu-
midity is constant.

Note that the critical gradient itself is zero at the
equator; as pointed out by Lindzen and Hou (1988),
any gradient of equilibrium temperature across the
equator must lead to a thermally direct circulation. If
the equilibrium subcloud-layer entropy (s,) peaks off
the equator, then the magnitude of the curvature of the
s, field must exceed a critical value for the radiative—
convective equilibrium state to break down, as pointed
out by Plumb and Hou (1992), who argued that the
crossing of this threshold marks the onset of monsoons.
Note also that by making the coordinate transformation

y = sec%p,

the critical condition (10) becomes

O (er -2\ | = _qzazsye
[6}7 <(Ts R)ay>]cﬂt— Q‘a /y .

As will be shown in the next section, actual distri-
butions of entropy will not be appreciably supercritical.
For this reason, it is of some interest to plot the critical
entropy distributions given by (9) and (10). To do so,
we first note from (9) that the tropopause angular mo-
mentum M, is that value of the earth angular momentum
that occurs when s,/ 3y vanishes, since at that latitude
the angular momentum surface is vertical. Using this
and integrating (9) once in latitude under the assump-
tion that (T, — T,) is approximately constant, and also
using the definition of s,, gives
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(cos%p,, — cosch)z] A

8., =80.,exp| —
b € P[ X cos?p

where
Q2a?
Cp( Ts - Tt) ’
and ¢, is the latitude at which 6, has its maximum value

0.... Solutions of (11) are plotted in Fig. 1 for ¢,, = 0°,
10°, and 20° latitude.

X =

3. Constraints on the degree of supercriticality

It can now be demonstrated that observations of ther-
mally direct circulations such as the monsoon and the
Hadley circulation are inconsistent with the notion that
actual entropy gradients are substantially supercritical.
Supercriticality of the entropy distribution requires that
some other term or terms in the momentum equation
act in addition to centrifugal and Coriolis accelerations
to balance the pressure gradient near the tropopause, or
that the surface winds become nonzero, implying a
forced—dissipative system.

Suppose that the response to supercriticality entails
a thermally direct circulation with negligible surface
zonal winds. Then, if we include the meridional accel-
eration in the momentum balance and assume that the
circulation is approximately steady, we replace (2) by

da\ _ 1 tanp OM*
dp), a*cos’p Op

+a2<—1'i1v2+w§v~) , (12)
op /4

350 ¢
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FiG. 1. The critical subcloud-layer 6, distributions according to
(11) for three different values of the latitude of maximum 6,: 0°

(solid), 10° (dashed), and 20° (dotted). The maximum value of 8, is
taken to be 350 K in all cases.
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where v is the meridional velocity and w is the pressure
velocity. Following through on a development exactly
parallel to the preceding, and continuing to assume that
s* = s*(p), we get

9 [cos’p ds, 10, ,
6<p{ Sing [(Ts 1) B +5 90 (vi —v3)
= —4Q%? cos’p singp,
or
3
2 (80 [(g,_ 1| 22 Qs—b)
Oy \ sinp p 0/ .
10 5 1\ _
+5 35 (vi Ub)}> =0, (13)

where v, and v, are the meridional velocities at the tro-
popause and surface, respectively, and we have as-
sumed that w = O at the surface and at the tropopause.

From (13), we may conclude that the order of mag-
nitude of v? is

v ~ OU(T, — T)s, — i1 (14)

Taking a value of T, — T, = 100 K, typical of the Trop-
ics, a difference of only 1 K between 8., and its critical
value amounts to a v, of about 25 m s~!, much greater
than observed values. Thus, either such a meridional
circulation is extremely efficient in keeping the actual
entropy distribution very close to its critical value, or
the actual solution is characterized by nonzero surface
zonal winds.

If (10) is violated, the actual distribution of zonal
winds may relax toward a state in which 7 is zero at
the tropopause and the balanced surface zonal winds
are nonzero. If nonzero surface zonal winds are al-
lowed, (9) becomes

635 1 tantp

T, - T) o2 =——
( ')&p a’ cos?p

(M} — M?), (15)
where M, is the angular momentum at the surface. Us-
ing the definition of M (3) and the definition of the
critical gradient of s, (10), the condition of constant
M, in (15) can be expressed

9 [cos’p
Oy | sinp

0
(I, -T) W (b = Spes)
©

— 2Qa cos*pu, — coszgouf] =0. (16)

Assuming that |u,| < Qa, (16) can be well approxi-
mated by

or 1
Ay [cos ‘P<29a sing (I = 1)

X i (5o — Sp) — us>] ~0. (17)
Oy
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Integrating (17) once in latitude, and taking u, = 0
where s, = s,_, yields an expression for the balanced
surface zonal wind,

T,—T, 8

~ 20a simpgg—a (18)

Us (S5 = Sbow)-
For 6, exceeding the critical curve by 1 K over 1000
km at 15° latitude, and T, — T, = 100 K, this is about
8 m s™'. Given the observed magnitude of surface zo-
nal winds in the Hadley regime, we might expect that
the actual boundary layer 6, distribution may depart
from the critical distribution by at most a few degrees
Celcius.

It should also be noted from this derivation that su-
percritical conditions lead to surface zonal winds with
cyclonic relative vorticity. This implies Ekman drift to-
ward the regions of high boundary layer entropy and
thus an advective reduction of entropy there; this con-
stitutes a negative feedback that tends to drive super-
critical entropy distributions back toward critical. The
Ekman drift can be estimated from the angular mo-
mentum balance in the boundary layer:

(19)

where 7, is the turbulent stress in the x direction. From
mass continuity, v may be expressed in terms of a mass
streamfunction ¥ by

v= S
cosp Op

(20)

If we approximate 9M/0yp in (19) by the gradient of
earth angular momentum, substitute (20) and integrate
from the surface to the top of the boundary layer, at
which 7 is defined to vanish, the result is

__ Cnp
BT 20

where 3 is the streamfunction at the top of the bound-
ary layer and 7, is the zonal component of the surface
stress. Assuming that the latter can be related to the
balanced zonal wind by a bulk aerodynamic formula,
this may be written

Txss

Cpctng

) (21)

‘/’B=_ps |uslus,
where p, is the surface air density and Cp is a drag
coefficient.

An important caveat must be stated here. Once a
thermally direct circulation is established, the lapse rate
may no longer be moist adiabatic in the subsiding
branch of the circulation. If the subsidence is strong
enough, a boundary layer forms, as illustrated in Fig.
2, and the subcloud-layer s, becomes disconnected
from s* in the free atmosphere. If the boundary layer
is relatively shallow, however, the condition (8) may
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FiG. 2. Distribution of saturation entropy (solid lines) in a large-
scale thermally direct circulation, showing that its horizontal gradient
can exceed its critical value in a boundary layer (capped by an in-
version shown by the heavy dashed lines) in which momentum mix-
ing is important. Above the boundary layer, the horizontal saturation
entropy gradient will be close to its critical value.

be expected to hold approximately for air above the
boundary layer.

4. Extension to zonally nonuniform conditions

There is nothing inherent in the condition (1) that
restricts the conclusions that follow from it to zonally
uniform conditions. An exact extension to zonally non-
uniform conditions requires the derivation of a thermal
wind equation from the equation of nonlinear balance.
The resulting condition on s, depends on the specifi-
cation of boundary conditions that are specific to each
distribution. Considerable simplification can be made
if it can be assumed that the balanced wind in the equi-
librium state is geostrophic. In that case, the thermal
wind relation is

v 1

—=—— 22)
Op 2Qsin<pk (22)

X V,a.

Once again employing Maxwell’s relation (6) and in-
tegrating from the surface to the tropopause, assuming
vanishing surface wind, yields

1

= —— (T, - T)k X V,s*.
ZQsimp( Tk X Vs

Vr (23)

Taking the curl of this, the condition (1) may be written

1 |
sin<p[4§22 sing + V(m (T, — T,)Vs*)] < 0.

(24)
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Once again equating s* with s,, (17) can be restated
as

1
sim,o[4ﬂ2 sing + V- <;@ (T, — T;)V&)} <0.

(25)

Thus, if the curvature of the horizontal distribution
of subcloud-layer entropy in the equilibrium state is
sufficiently negative, a thermally direct circulation
must result. This condition is also derived in Emanuel
et al. (1994). The condition (25) is strongly violated
in tropical cyclones, for which an exact derivation for
circularly symmetric geometry is derived in Emanuel
(1986). The balance is achieved in this case by very
strong surface azimuthal winds. Condition (25) should
be applicable to large-scale monsoon flows. The zo-
nally symmetric part of (25) is very close to (10), but
not exactly equal because the centrifugal terms in the
balance equation are neglected in (25).

If the actual subcloud-layer entropy distribution vi-
olates (25), then by following the same reasoning as
in the zonally symmetric case, we should be able to
calculate the balanced component of the surface flow
from the degree of supercriticality, except near the
equator, where the contribution from the inertial terms
in the momentum equation may be large. Relaxing the
constraint of zero surface wind in the derivation of
(25), we find, analogous to the symmetric case, an ex-
pression for the rotational part of the balanced surface
wind:

T, - T, _
=—-— kX L= 2
Vs 20 Sincp V(sbcm Sb), ( 6)

where s,,_, satisfies (25). Also, since the surface geo-
strophic wind obeys

=——k X V9,
Ve = 20 sing £ XV
where @ is the near-surface geopotential, it follows
from (26) that

® = (T, — T) (S5 — 55)- 27)

The surface pressure perturbations are proportional to
minus the degree of supercriticality of the surface en-
tropy.

These results may be compared to those of Lindzen
and Nigam (1987), whose expressions for the depar-
tures of the balanced component of the surface winds
and geopotential from their zonal-mean values are, re-
spectively,

' gH, ( Y

1
g =————— |1 -=]k X — ;, 2
Vs = T 2 sing 2) 7, VT (28)

and

Y 1
'= —oH, | I e A 9
P 8 ()< ’>T0 s (2)

NOTES AND CORRESPONDENCE

1533

where y has the value 0.3; T'{ is the departure of the
sea surface temperature from its zonal-mean value; T
is 288 K; and H, is the height of the trade inversion,
which was taken to be 3000 m.

In deriving these expressions, Lindzen and Nigam
(1987) assumed that the trade inversion represents a
surface of constant pressure and simply derived (28)
and (29) from the hydrostatic equation, assuming that
the free atmosphere temperature is related to the sea
surface temperature following a constant, assumed
lapse rate. This may be compared to the present devel-
opment in which the surface wind and pressure distri-
bution in supercritical regions are determined by the
requirement that the absolute vorticity at the tropopause
is critical (zero) and that the lapse rate is moist adi-
abatic. Lindzen and Nigam’s expressions pertain to de-
partures from the zonal mean, while (26) and (27) are
phrased as departures from criticality.

5. Summary

Thermally direct circulations must result when the
radiative—convective equilibrium state, satisfying the
hydrostatic and nonlinear balance equations, cannot be
achieved by a time-dependent evolution from the rest-
ing state. The condition for the breakdown of this state,
and thus the onset of thermally direct circulations, can
be expressed exactly in terms of the subcloud-layer
moist entropy distribution in the zonally symmetric
case, assuming that the equilibrium state has moist-adi-
abatic lapse rates, and also for zonally varying equilib-
rium states as long as it can be assumed that the equi-
librium balance wind is geostrophic. [ An exact rela-
tionship for the case of circular symmetry was derived,
however, by Emanuel (1986).] Scale analysis applied
to Hadley, Walker, and large-scale monsoon circula-
tions shows that the actual saturation entropy distri-
bution cannot be far from critical, except in trade cu-
mulus or stratocumulus boundary layers. The degree of
supercriticality of actual subcloud-layer entropy distri-
butions can be used to calculate the balanced surface
winds, and knowledge of the surface stress can then be
used to estimate the irrotational part of the circulation.
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