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Abstract

Sections

Scientific discovery and engineering design are currently limited by

the time and cost of physical experiments. Numerical simulations are
analternative approach but are usually intractable for complex real-
world problems. Artificial intelligence promises a solution through fast
data-driven surrogate models. In particular, neural operators present
aprincipled framework for learning mappings between functions
defined on continuous domains, such as spatiotemporal processes

and partial differential equations. Neural operators can extrapolate and
predictsolutions at new locations unseen during training. They canbe
integrated with physics and other domain constraints enforced at finer
resolutions to obtain high-fidelity solutions and good generalization.
Neural operators are differentiable, so they can directly optimize
parameters for inverse design and other inverse problems. Neural
operators can therefore augment, or evenreplace, existing numerical
simulatorsin many applications, such as computational fluid dynamics,
weather forecasting and material modelling, providing speedups of
four to five orders of magnitude.
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Introduction

The scientific method consists of aset of hypotheses formed through
inductive reasoning based on observations, which are first systemati-
cally tested before beingiteratively updated. However, testing hypoth-
eses in many scientific domainsinvolves slow and expensive real-world
experiments, which limits scientists to a small set of hypotheses that
aredriven by prior knowledge and intuition. If expensive experiments
couldbereplaced with faithful computational simulations, that would
vastly expand the hypothesis space for further exploration.

In principle, it is possible to create such simulations when the
(approximate) governing laws of many physical, chemical and engi-
neering processes are known. The physical world around us is often
modelled by governing partial differential equations (PDEs) derived
from first principles, such as the laws of thermodynamics, chemical
interactions and mechanics'. For example, the aerodynamics of cars
and planes can be modelled using the Navier-Stokes PDE defined on
the geometry of the surface’. However, it is currently infeasible to
run numerical simulations at the scale and fidelity needed to entirely
replace physical experimentation. This is because existing numerical
methods used in simulations require a fine computational grid to
guarantee convergence of the iterations and the cost of computing
increases at least quadratically with the resolution of the grid.

In climate modelling, for example, PDEs are used to simulate the
future of Earth’s climate, whichis critical for policy-making and devel-
oping strategies for climate-change mitigation. In this case, physical
experimentation is impossible, so simulations are the only option.
However, current numerical methods require massive computing
power toresolve the physics at finer scales where the effects of storms
and cloud turbulence can be faithfully reproduced, and even the world’s
most powerful supercomputers do not suffice®>. Moreover, numerical
methods have other shortcomings pertinent to applicationsinvolving
observational data where the governing laws are only partially speci-
fied orinaccurate. Current numerical methods cannot directly exploit
observational datafor such cases, as they are not explicitly data-driven.
Additionally, numerical methods are not generally differentiable, thus
makinginverse problems and design optimization expensive and slow*.

Artificialintelligence (Al) is now transforming the ability to create
fast, high-fidelity simulations of many complex multiscale processes’”".
Previous developments such as sparse representation®, recurrent neu-
ral networks’, reservoir computing'® and others have already shown
promise in modelling dynamical systems. The latest advances in Al,
termed neural operators'", can model such phenomena and capture
finer scales, leading to high-fidelity solutions. Neural operators are a
generalization of neural networks that can learn operators: mappings
between two functions defined on continuous domains. They have
several advantages. First, they can serve as fast and accurate surro-
gates for numerical methods and overcome the high computational
requirements of numerical methods. Unlike conventional numerical
methods, neural operators can learn an efficient feature representa-
tion, or basis, that does not require afine grid. Further, once the neural
operator model is trained, the inference is typically a single forward
pass, asopposed to alarge number of iterations required in numerical
methods. In addition, because neural operators are Al models, they
canbuild onthelatest hardware and software advances of accelerated
computing® to obtain the best possible speedups with the learned
representations. This has resulted in 45,000x speedup in the weather
forecast', 26,000 in the automotive industry” and 700,000x in the
prediction of carbon dioxide geological storage'®, along with many
other scientific computing domains. Second, neural operators can

learn directly from observational data and do not suffer from model-
lingerrors presentin numerical methods that, for many applications,
rely solely on simplified equations. Third, neural operators are deep
learning models implemented using deep learning packages, so they
aredifferentiable by design and can be used directly for inverse prob-
lems such as optimized design generation. In contrast, traditional
solvers are usually not differentiable and require manyiterations using
methods such as Markov chain Monte Carlo. Fourth, neural operators
are democratizing science as running the trained neural operators does
notrequire the deep domain expertise needed to set up and runmany
traditional solvers. Moreover, many applications, such as weather fore-
casting, that previously required large central processing unit clusters
can now be carried out using consumer desktop graphics processing
units and open-source models, enabling widespread accessibility™'"*%,

Inthis Perspective, weintroduce neural operators, discuss their for-
mulationand applications, and argue that they will have atransformative
impactin many applications.

Neural networks and neural operators
Almodelssuchastransformers and convolutional neural networks have
shown impressive performance in domains such as text and images'.
However, in our opinion, standard neural networks have fundamental
limitations that make them unsuitable for scientific modelling. First,
they have limited generalization beyond conditions seen during train-
ing. In particular, they are limited to learning and making predictions
atthe resolution of the training data. This is a considerable limitation
because many scientific phenomenaoccur on continuous domains (for
example fluid flows, wave propagation and material deformation) even
thoughonly discretized observations are available for training. A simple
solution to the above issue that enables pretrained neural networks
topredictatany resolutionis to use standard interpolation methods,
suchasbilinearinterpolation on the predictions made at locations on
thetraining grid. However, such approaches perform poorly on many
processes (for example fluid flows) as they fail to capture finer scales
accurately (see the discussion of Fig. 1below)®. This is because simple
interpolation schemes cannot capture scales that are not present in
limited-resolution training data.

Second,inmanyapplications, theavailability of high-resolutiondata
may be limited, and combining it with larger amounts of low-resolution
data during trainingis not feasible in standard neural networks, which
only support fixed-resolution inputs and outputs. Even if modifica-
tionsare made toincorporate multiple resolutions, such as for climate
modelling datasets”, at inputs or outputs?, these modifications are not
principled and have no guarantees for capturing finer scales.

More generally, neural networks only learn mappings between
inputs and outputs of fixed dimensions (Fig. 2a); they do not have the
expressive power to capture mappings between functions on continu-
ous domains, known as operators. In contrast, neural operators can
predict the solution at any location in the output domain and are not
limited to the grid of training data'>* (Fig. 2b). They accomplish this by
approximating the underlying operator, whichis the mapping between
the input and output function spaces, each of which can be infinite-
dimensional (Fig. 2c). In other words, neural operators approximate
the continuum mapping even when trained only ondiscrete data, and
thus they can capture the finer scales more faithfully.

To illustrate the above, Fig. 1 shows the prediction of a neural
operator, the Fourier neural operator (FNO), for fluid dynamics”, and
of UNet, a popular neural network trained at afixed resolution and then
augmented with trilinear interpolation. Figure 1 depicts the long-term
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Fig.1|Spectral overall analysis. a, The x-axis is the Fourier wavenumber and
y-axisis the energy per spectrum. In the isotropic Navier-Stokes equation
(Kolmogorov flows), the cornerstone of microscale turbulent flow, Fourier
neural operators (FNOs) can extrapolate to unseen frequencies using only
limited-resolution training data’®. The low frequencies to the left of the vertical
dashed line are the training frequency resolution, and the models extrapolate
to higher frequencies on the right of the dashed line. A physics-informed

neural operator (PINO) uses both training data and the partial differential
equation (PDE) for the loss function, and can perfectly recover the ground-truth
spectrum. A trained UNet (a popular neural network) with trilinear interpolation
(NN +interpolation) has severe distortions at higher frequencies, beyond the
resolution of training data. b, Resolution invariance. The x-axis is the resolution
of the test data, and the y-axis is the test error at that given resolution. Neural
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operators are discretization-convergent, meaning that the model converges to
the target continuum operator as the discretization is refined. This is illustrated
using the Darcy equation which describes a fluid flow in a porous medium. Each
architecture — UNet, FNO and graph neural operator (GNO) — was trained at
agiven resolution and tested at that same resolution’ (no superresolution).
FNO and GNO have consistent errors as resolution increases, but UNet has
increasing errors because the size of its receptive field changes with resolution,
and it does not enjoy the guarantees of discretization convergence. UNet is only
able to maintain the same test error as the resolution increases if the number of
parameters increases. In this case, the convolutional filter size was increased for
resolutions 85,141, 211 and 421, corresponding to about 2.2M, 6.0M, 11.8M and
19.3M parameters, respectively.

statistics of interest, that is, the spectrum of the fluid, representing
the per frequency characteristics of the chaotic system, emulated
using the trained models for the benchmark Kolmogorov chaotic flow.
FNO follows the trend of ground-truth energy decay in the frequency
domain, even beyond the training frequencies, whereas UNet with
interpolation fails to predict the finer scales. The behaviour seen in
Fig.1b demonstrates that empirically, FNOs and other neural operators
can do zero-shot superresolution and extrapolate to unseen higher
frequencies, demonstrated on the benchmark stationary Darcy flow
equation. In contrast, as discussed elsewhere?*, band-limited operators
and representation-equivalent operators®, such as spectral neural
operators®, cannot generate new (higher) frequencies because their
representation spaceis fixed. Therefore, they introduce anirreducible
approximationerror based onthe size of the predefined representation
space. Asthe goal of operator learningis to find the underlying solution
operatorinthe continuum, we believe that discretization convergence
isamore useful strategy. However, the error cannot be expected tobe
(nearly) zero, as the model, during training, cannot access informa-
tion at the finer scales owing to the limited resolution of the samples.
In scientific modelling, one usually has access to physics constraints
such as PDEs that fully constrain the system or conservation laws and
symmetries that partially specify the system. The physics-informed
neural operator (PINO)* incorporates both data and physics losses,
leads to even better extrapolation to higher frequencies and almost
perfectly matches the ground-truth spectrumin Fig. 1a.

Formulation

Neural operators learn operators and thus can predict at any pointin
the continuous domain. In the supervised learning setting, the input
and output functions are discretized to obtain the training data. For
instance, inthe case of weather forecasting, the input consists of vari-
ables such as temperature and wind speed on the Earth’s surface and
in the atmosphere, whereas the output represents the values of the
same variables at a later time. Although the variables are defined on
the continuous space-time domain, the training data are available
only at a certain discretization — for example, in the ERA-5 reanalysis
dataset, itis 25 km and hourly intervals”. The goal of neural operators
is to make predictions on continuous domains, despite the available
training data being discrete.

Design of aneural operator

Standard neural networks consist of a series of blocks that perform
linear functions, such as fully connected or convolutional layers, fol-
lowed by nonlinear activations such as rectified linear units. Neural
operators®follow the same philosophy, thatis, linear blocks followed
by nonlinear transformations, the difference being that linear blocks
in neural operators are realized by integral operators instead of lin-
ear functions in fixed dimensions. Similar to the neural network class
that subsumes general linear models as their single-layer special case,
the neural operator class subsumes linear integral operators, such as
solution operators to linear PDEs, commonly realized using Green’s
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Fig.2| Comparison of neural networks with neural operators. a, A neural
network learns amapping between input and output points on a fixed, discrete
grid. b, A neural operator maps between functions on continuous domains, even
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when training data are on a fixed grid. ¢, Because a neural operator maps between
functions, it accepts inputs outside the training grid and can do superresolution.
Figure courtesy of Benedikt Jenik.

function integration, as their single-layered special case. The linear
integral operator is given by

N
JrGewdy= Y k(x,3)v(3,)Ay, o

where v(-) is the input function to the operator block, and x(x,y)
denotes a learnable kernel between any two points x and y in the
output and input domains, respectively. A neural operator consists
of linear integral operator blocks given by equation (1), followed by
pointwise nonlinear activations, for example Gaussian error linear
units (GeLU)*. Rectified linear units (ReLU) are usually avoided because
of non-smoothness®. The expressiveness and capacity of the model
are determined by the number of layers and the expressivity of the
mentioned submodels, for which domain experts’ knowledge is advised
for proper designs, proper fit and avoiding overfitting. See Fig. 3 for
the detailed architecture of layers of integral operators.

Note that the query point x in the output domain in equation (1)
need notbe limited to the discrete grid of the training dataand canbe
any point in the continuous domain. Similarly, the input discretiza-
tion, thatis, grid pointsy, can be chosen arbitrarily on which the input
function a( - ) is specified, and as the discretization becomes finer
(Ninthe Riemanniansum (1) grows larger), this approximation becomes
more accurate. Neural operators can thus take input functions at any
discretization and be queried for predicting solutions at any point in
the domain, evenifthe query pointis outside the training grid. Neural
operators possess a property known as discretization convergence,
meaning that they converge to a unique operator in the limit of mesh
refinement™. This is a crucial characteristic that is required of any
sound approachto scientific computing and is possessed by daily used
integral approximation methods such as Riemannian sum. Intuitively,
this characteristic follows from the integral approximation method,
such as Riemannian sum, Galerkin or Fourier spectral, used in neural
operators. Neural networks do not have such guarantees, even when
augmented with interpolation methods such as bilinear interpolation.

Zero-shot superresolution and evaluation

Two properties follow directly from the discretization convergence
property:first, zero-shot superresolution, where a trained neural opera-
tor canreceive aninput sample atagivenresolution and outputapre-
diction atahigherresolution than what was provided during training;
second, zero-shot superevaluation, where a trained neural operator
can be evaluated on a new, finer discretization than what was used
during training and produce a solution on that new resolution, thus
potentially resolving higher-frequency details.

Parameterization of the kernel

Although there are several choices to parameterize equation (1),
asoutlined below, the choice of nonlinear activation is standard — for
example, Gaussian error linear units. In addition, neural operators
include pointwise lifting and projection operations. The lifting opera-
torencodestheinput function values to a very high dimension, greatly
increasing the model expressivity and allowing integration operation
inavery high dimension. The projection operator decodes the high-
dimensional representation to the function dimension and projects the
feature representation to the native output dimension. This is especially
important when the input and output functions are scalar-valued or
have alow-dimensional range space. If the kernel is learned in such
low dimensions, it has limited expressivity, and the lifting operation
expands it into arbitrary channels, enriching the model capacity and
expressivity”. The lifting and projection operations are pointwise
and can be linear or nonlinear; however, nonlinear operations are, in
general, more expressive®’. Given an architecture and training data,
neural operators can be trained end-to-end using standard algorithms
such as SGD or Adam™, similar to neural networks.

Architectures

Many architectures have been proposed to parameterize the linear
integral operation in equation (1), some drawing inspiration directly
from existing numerical methods: for example, the kernel x(x,y) in equa-
tion (1) isconstrained to be separableinxandy, yielding the DeepONet
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model*. Although the original DeepONet model is constrained to be
on afixed input grid, later extensions of DeepONet**** remove this
limitation, which preserves discretization convergence, and thusis a
special case of neural operators.

Graph neural operators (GNO)* are architectures that are oper-
ator extensions of graph neural networks* and support the kernel
integration on a fixed-radius ball. When the ground-truth operator is
non-local, GNO has limited expressivity when the radius is small, as it
cannot capture the global effects, owing to a limited receptive field.
Using GNO becomes computationally expensiveif the receptive field is
increased and the radius for the neighbourhood becomes large. To
overcome this problem andto fitanon-local operator, hierarchical or
multilevel extensions have been proposed®, inspired by the multipole
decomposition of the kernel and multigrid iterative solvers*%,

FNO"isanalternative approach to obtaining aglobal operator.In
FNO, the kernelintegrationin equation (1) issolved through element-
wise multiplication in the Fourier domain with learned coefficients
and inverse Fourier transform back to the original domain. The FNO
approachisinspired by the pseudospectral solvers® (Fig. 3) for which
the Fourier basis is used, and operations are iteratively carried, as
shown in Fig. 3. Although inspired by this approach, FNO has nonlin-
ear components to enhance its expressivity. FNO emulates the pseu-
dospectral solvers efficiently*’. Moreover, Fourier domain learning
isagood inductive bias in many domains, such as fluid dynamics. For
example, itiswellknownthatin the Navier-Stokes equationthe energy
cascades from low-frequency modes to the high frequencies owing to
theadvection, whichis subsequently killed offby dissipation*.. Similar,
yet more complicated, dynamics are exhibited in the Navier-Stokes and
Euler’sequations®. By learning directly in Fourier space, the FNO allows
usto capture such dynamics efficiently. Extensive theoretical analyses
have been developed for neural operators®*°. It has been shown that
neural operators, in particular FNOs, are universal approximators of
continuous operators'>*°, generalizing the classical results* tomodern
deep learning.

FNO is computationally efficient for capturing global dependen-
cieswhentheinputis limited toaregulargrid, asthe fast Fourier trans-
form canbe computed with quasilinear complexity. For irregular grids,
however, computing the Fourier transform has quadratic complexity,
which scales poorly for large problems. Such a Fourier transform on
anirregular grid is proposed in the Vandermonde neural operator**
that carries the non-uniform discrete Fourier transform approxima-
tion, uses the low mode property of FNO and promotes the matrix
form of Fourier transform approximation as opposed to fast Fourier
transform to gain computation advances. To enhance computational
efficiency, more recent methods instead propose deformation* or
graph kernels® to transform the irregular physical grid to a regular
latent grid on which fast Fourier transform is applied. Further devel-
opments include decomposing the kernel integration in the spatial
domain, where the grid is oftenirregular, while keeping a regular grid
in the temporal domain, for example for seismic monitoring*® and
forincorporating symmetries in physics*. Such methods apply GNOs
on the spatial domain and FNOs on the temporal domain, resultingin
efficientarchitectures*. Other developmentsinclude tensorized Fou-
rier neural operators*® and the U-shaped neural operator* to efficiently
parameterize the Fourier domain.

Other works have proposed convolutional neural operators for
convolutions directly in the spatial domain®* and thus extend convo-
lutional neural networks to operator learning. It was further sug-
gested' that the linear integral transform k in equation (1) can be

extended to nonlinear integral transforms, such as k(x,y,a), where
the kernel can vary with the input function a( - ). One such example
is the transformer architecture. For the special case of a fixed
grid with shared input and output domain, the kernel has the form
Kk(x,y, a) = exp{W %a(x), W¥a(y))//m,where mistheinner dimension
of the self-attention layer, and the integration is defined as

exp(W %(x), wXa(y)y
Jm

[Skx,y, a)yw'a(y)dy= [ S( JWVa(y)dy @)

where S is the softmax function and W2, W¥and W" are the query, key
and value matrices of transformer architectures™. Whereas the stand-
ard transformer in equation (2) is limited to a fixed grid, various
attempts have been made to turnitinto an operator and allow predic-
tion onirregular grids, for example the operator transformer (OFor-
mer)*’, the mesh-independent neural operator (MINO)** and the general
neural operator transformer (GNOT)**. However, these approaches
become computationally intractable because the attention mechanism
scales quadratically with theinput resolution. To alleviate this problem,
invision transformers®, patches are used to reduce dimensionality,
but the choice of fixed-size patches limits the model to a fixed resolu-
tion and does not yield an operator. It remains an open problem how
to develop scalable and expressive transformer architectures for
operator learning.

Implicit neural representation

Theideaof using neural networks to represent continuous functions,
known asimplicit neural networks, has arich history”. One exampleis
when the solution function of a single instance of PDE is represented
through aneural network, known as the physics-informed neural net-
work (PINN)**®, Similarly, in computer vision and graphics, neural

Pseudospectral solver

[ FER - ... -

Fourier neural operator

A‘FT}» R }» IFT Fv@ _,_.@_.

Lifting Activation Projection
Neural operator

e | e O

Lifting Kernel integration Activation Projection

Fig.3 | Diagram comparing a pseudospectral solver, a Fourier neural
operator and the general neural operator architecture. In general, lifting and
projection operators P, Q can be nonlinear. Pseudospectral solvers are popular
numerical solvers for fluid dynamics where the Fourier basis is used, and
operations are iteratively carried out, as illustrated. In spectral methods, the
integration s carried in the Fourier domain as amean of multiplication following
the Fourier theorem, for which the kernelis also represented in the Fourier
domain using adesign matrix R. The Fourier neural operator (FNO) is inspired

by the pseudospectral solver, but has a nonlinear representation thatis learned,
and the design matrix Ris also made trainable. FNO is a special case of the neural
operator framework, shown on the last row, where the kernel integration is
carried out through different methods, such as direct discretization or the
Fourier transform. k refers to the kernel that parameterizes the integral operator
and visthe input function to the firstintegral layer (equation (1)). FT and IFT refer
to Fourier and Inverse Fourier Transforms.
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radiance fields®*** have been used to represent 3D scenes. Note that
in both these cases, the implicit neural network is used to represent
asingle function, for example a single velocity field or a3D scene.
In contrast, neural operators can generate the output functions for
arbitraryinput functions. Thus, fundamentally, neural operatorsarea
strict generalization of implicit neural networks: from representing
asingle function to learning operators. In other words, neural opera-
tors can be viewed as conditional neural fields, conditioned on differ-
entinput functions. From this perspective, there have been several
other attempts to extend implicit neural networks to handle multiple
instances by additionally learning a parameterization over the space of
input functions®. However, in general, this mapping is not well posed,
because one function canbe potentially mapped to multiple network
parameterizations. To overcome this problem, recent works use a
reduced-order model that maps each input function to asmall number
oflatent parameters (codes) and then feedsitasinput toaneuralfield,
similar to an encoder-decoder model®®®, In contrast, a neural operator
is amore direct way to handle multiple instances of input and output
functions through operator learning.

Physics-informed neural operator

PINNsandvariants®® have been effectiveinsolving steady-state PDEs
However, the optimization landscape of PINNs becomes challenging
for problems such as time-varying PDEs, and the solution cannot be
easily found using standard gradient-based methods”. Thisissue can
bealleviated by extending PINN to a physics-informed neural operator
(PINO)**"*7, whichincorporates training datain addition to PDE infor-
mation, making the optimization landscape more tractable and enables
the learning of the solution operator of complex time-varying PDEs.

Moreover, PINO has superior generalization and extrapolation
capabilities, and reduced training datarequirements, when compared
with purely data-driven neural operators. It is possible to further
improve the test-time accuracy of PINO, by fine-tuning the model to
minimize the PDE loss function, on the given PDE instance at test time.
This fine-tuning step isidentical to the PINN optimization process but
uses the initialization from a pretrained PINO model and fine-tunes it
further, instead of optimization from a random initialization carried
outinPINN. Thus, it can overcome the optimization difficulties in PINN.

In PINO*, one can combine low-resolution training data with
high-resolution physics constraints to learn a good approximation
of the underlying operator and carry out accurate zero-shot super-
resolution. Figure 1 shows results after training with the FNO back-
bone on low-resolution data (64 x 64) and further fine-tuned using
PDE loss at higher resolution (PINO) and tested on high-resolution
data (256 x 256). We believe that having such multiresolution losses
is crucial to obtaining high-fidelity learned solvers that can resolve
fine-scale features.

Analternative set of techniques is motivated by the Monte Carlo
methods, where one can leverage the probabilistic representation of
PDEsto obtainsuitable objectives for deep learning. Specifically, refor-
mulations of PDEs based on the Feynman-Kac formulaand backward
stochastic differential equations have been successfully used to tackle
high-dimensional parabolic and elliptic PDEs’*’*7°, Recently, such
ideas have been combined with neural operators, promising efficient,
derivative-free alternatives to PINOs®.

69-72

Generative neural operators
We have so far discussed neural operators for approximating determin-
istic mappings between function spaces. There are also extensions to

learning probabilistic mappings on function spaces. These are either
based on generative adversarial networks®, diffusion models®, or
variational autoencoders®® that are extended to function spaces. In
particular, the diffusion neural operator learns a score operator that
takes a Gaussianrandom field asinput and can generate samples atany
resolution specified. This hasbeen applied to scientific problems where
many samples of possible real-world phenomena outcomes are of inter-
est. Among these are volcanic and seismic activities®**, statistics of
Navier-Stokes equations and resolution-free visual sensors®.

Applications

Neural operators have yielded impressive speedups over traditional
numerical solvers in a wide range of domains. They can help achieve
medium-range weather forecasting tens of thousands of times faster
than with current numerical weather models and were the first data-
driven approach that resulted in accurate high-resolution (0.25
degrees) weather forecasting'**. This speedup enables accurate risk
assessment of extreme weather events such as hurricanes and heat
waves that requires many forward runs of weather models for uncer-
tainty qualification, for example ensemble methods. An improved
neural operator version based on the spherical FNO" is now running
onanexperimental basis alongside traditional forecasting systems at
the European Centre for Medium-Range Weather Forecasts®. Similarly,
for the application of carbon capture and storage for climate-change
mitigation, the nested FNO model is hundreds of thousands of times
faster, enabling large-scale assessment of reservoirs for geological CO,
storage’®. The speedup enables a rigorous probabilistic assessment
for maximum pressure buildup and carbon dioxide plume footprint,
witharuntime of only 2.8 seconds which would otherwise have taken
nearly 2 years with numerical simulators. Other applications include
simulations of fluid dynamics®*’, 3D industrial-scale automotive
aerodynamics”, 3D dynamic urban microclimate’, material defor-
mation***"??, computational lithography®**, photoacoustics™ and
electromagnetic fields”*”. Further, neural operators have been used
for learning long-term statistical properties such as attractors’**’ in
chaotic systems and detecting tipping points in non-stationary sys-
tems'°’. Neural operators based on generative adversarial networks®
or diffusion models®? in function spaces can be used in the modelling
of stochastic natural phenomena (such as volcanic'® and climate activi-
ties'?) and stochastic differential equations'®, Researchers have also
explored building hybrid solvers by using neural operators combined
with numerical solvers'™*.

Neural operators are also effective for inverse problems, where
the aim s to find a parameter from noisy observations, and in many
cases, the forward modelis non-invertible or hasa poorly conditioned
inverse. Examplesinclude inverse design, optimization, control'®and
risk assessment.

Because neural operator models offer fastinference and can be effi-
ciently differentiated, they can be used either for sampling the Bayesian
solution to an inverse problem through Markov chain Monte Carlo
methods'® or for obtaining a point estimate by optimizing a regular-
ized functional'”. An invertible neural operator framework'*® has
been introduced for such problems. In inverse design, the goal is to
optimize over a given set of parameters, given a forward model, and
provide guidance for iterative designimprovements or generate opti-
mized designs from scratch. For example, by using a neural opera-
tor model it was possible to produce an optimized design for a new
medical catheter that reduces bacterial contamination by two orders
of magnitude'®. The neural operator model could accurately simulate
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the bacterial density in fluid flow and help to optimize design shapes
withinthe catheter to prevent bacteriafrom swimming upstreaminto
the human body. Neural operators are also effective for other inverse
problems, for example in seismology, where, given the seismic waves
and earthquakes observed in the subsurface of the Earth, one needs
to infer the structure of the subsurface causing the specific seismic
observation"?,

Software implementation and benchmarks

Efficient software and hardware implementation are crucial to suc-
cessfully applying neural operatorsto practical problems. Areference
implementation for various neural operatorsin PyTorchis available (see
Code availability). In addition to libraries, standardized benchmarks
are crucial for further development. However, benchmarking has been
achallenge due to the disparate nature of different systems across
scientific fields. For instance, the choice of PDE parameters (forcing
functions, domainsize, resolution of training data) can affect the emu-
lated dynamics of the functions. There are two main categories of PDE
benchmarks: first, broad, unified benchmarks for machine learning
in physical systems™*"” and second, task-specific or domain-specific
benchmarks"¢%,

Toaid the further development of neural operators, itis critical to
construct more universal benchmarks that can correctly assess oper-
ator-learning capabilities. In our opinion, many current benchmarks
donotmeet theserequirements, and many are limited to training and
evaluationtoasingleresolution'® or do not provide well-resolved train-
ing datafor operator learning to be effectivein the purely data-driven
setting™®. In addition to learning metrics, the benchmarks also need
toincorporate hardware performance metrics that are typically used
inhigh-performance computing studies'?* and explore the benefits of

low-precision learning'>.

Outlook
We have shown that neural operators are a principled Alapproach for
modelling multiscale processes in various scientific domains, such
as fluid dynamics, wave propagation and material properties. Multi-
scale processes, where microscopic interactions affect the macro-
scopic behaviour, span many scales of interactions. Current numerical
methods are too expensive to simulate such processes faithfully, as
they require iterating on a fine grid. Neural operators achieve nota-
ble speedups over current methods by learning nonlinear feature
transformations and overcoming the need for afinegrid. Inaddition,
they are naturally suited for inverse problems as they are differenti-
able, and one can directly invert the trained forward model through
gradient-based optimization. In contrast, traditional simulations are
non-differentiable and require expensive Markov chain Monte Carlo
methods for inverse problems. Neural operators can be queried at
any discretization and notjust limited to the training resolution. How-
ever,as amodern deep learning model, neural operators are suscep-
tible to overfitting if parameterized ineffectively. In minimal data
settings, they may overfit the training data, and in very low-resolution
scenarios, they may overfit the lack of resolution. In such cases, they
may lack generalization to very different out-of-distribution data
settings. Although these issues can be addressed through domain
knowledge integration design, more data, higher fidelity data and
physics equations, one should be mindful of them.

We believe that neural operators present a transformative
approach to simulation and design, enabling rapid research and
development.

Code availability

A reference implementation for various neural operators including
and examples on how to get started can be found at: Neural Operator
Library, https://github.com/neuraloperator/.

Published online: 8 April 2024
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