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Ch.4. INTEGRAL EQUATIONS AND GREEN’S FUNCTIONS
Ronald B Guenther and John W Lee, Partial Differential Equations of Math-
ematical Physics and Integral Equations.

Hildebrand, Methods of Applied Mathematics, second edition

In the study of the partial differential equations of hyperbolic and parabolic
types we solved several initial and boundary value problems. While solving
these equations we used the method separation of variables which reduces

the problem to one of the following types of Sturm-Liouville problems

Sturm-Liouville Eigenvalue problem: Let p(x) > 0,¢(xz) > 0,r(xz) > 0
in I = (a,b). Here we assume b > a. Let X € C*(I)N Cl(_f) then the set of

equations given below

L () S 4 ()X = A )
X(a) ~ hoX'(0) = 2
X(b) + h X'(b) = 0. (3)

is called the The Sturm-Liouville Figenvalue Problem (SLEVP). Here hy > 0
and h; > 0 are constants. Let the Sturm-Liouville operator L be defined by

d d

L=——p(z) = +4q(2), (4)

then the Sturm-Liouville Eigenvalue equation becomes

LX =Xr(z)X, X(a)—hoX'(a)=0, X(b)+ hX'(b)=0. (5)
Note that L is self-adjoint, i.e., L = L*

The Sturm-Liouville Boundary Value Problem: With the same p, q,r
defined above we have the Sturm-Liouville Boundary Value Problem (SLBVP)
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LX = f(z), in I, (6)
X(a) — hoX'(a) =0, (7)
X(b) + by X'(b) = 0. (8)

Here f(x) is a continuous function in 1.

Sturm-Liouville Problem: Combination of SLEVP and SLBVP may be

given as

LX =Xr(x)X + f(z), in I, 9)
X(a) — hox'(a) = 0, (10)
X (b) + hi2'(b) = 0. (11)

4.1. The Sturm Liouville Boundary Value Problem and Green’s

Functions

Let us formulate the SLBVP as

Lu(x) = f(x), ze€l, (12)
u(a) — hot/(a) = 0, (13)
u(b) + hyu'(b) = 0. (14)

We shall solve this problem by the use of Green’s function technique. Let

u,v € C?(I) N C*(I) then it is easy to prove the Lagrange identity

vLu —ulv = —%[p(w)(vu’ —w')], (15)

Now letting v = G(x,y) and



L,G(z,y)=0(r—vy), =zyel, (16)
dG(z,y)

— Ry — 1
G(a7y) hO dz r=aqa 07 ( 7)
dG(x,

then we have

u(r) = / G(x,y) f(y)dy, (19)

Hence the SLBVP reduces to the construction of the Green’s function G(z, y)
satisfying (16)-(18). In addition to these properties G(z,y) satisfy also the

following properties

1. G(z,y) is continuous in x,y € I (prove it) in particular we have as ¢ — 0,

G, Y)|o=y—- = G(@,Y)|o=y+e- (20)
2. % is discontinuous at x = y. As ¢ — 0, we have the jump condition
prove it
dG(z,y) dG(z,y)
T'x:y—a - T|x:y+a = p(y) (21)

Since G(z,y) satisfies the homogeneous equation for x < y and = > y we
then have

(22)

_ ) e vo(@) + azx(y) vni(x), a<z<y<b
Gla,y) = { bi(y)vo(x) + ba(y)vi(x), a<y<xz<b

where vy(z) and vy (z) are the solutions of the homogeneous SL-equation and
ai,as, by and by are functions of y to be determined through the conditions
(17), (18), (20), and (21). If we choose v, as a solution of the homogeneous
SL equation satisfying the left boundary condition
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vo(a) — hovy(a) =0, (23)

and vy(x) as the solution of the SL equation satisfying the right boundary

condition

1 (D) + hyv)(b) = 0, (24)

then ay = by = 0 and due to the symmetry G(z,y) = G(y,z) and remaining
conditions we show that

The jump condition (21) becomes

p(@) W(vg, v1) = =1 (26)

where W (u,v) = uv’ — vu' is the Wronskian of u and v. We then have the

following theorem:

Theorem 1. The SLBVP (12) has a Green’s function if and only if the
corresponding homogeneous SLEVP [with f(x) = 0] has only the trivial so-

lution, in which case the Green’s function is given in (25) with the boundary

conditions in (23) and (24).

proof: (a) If we assume the existence of the Green’s function we have the
solution (19) for each function f(z) in I. The corresponding homogeneous
solution (with f = 0 in (19) goes to the trivial solution v = 0. (b) Let
us assume that the only solution of homogeneous SLBVP is only the trivial
one. Hence we should be able to find nontrivial solutions so that pWW = C.
Let C = 0. This means vy and v; are proportional hence , for example
vg satisfies the homogeneous SLBVP which is nontrivial, hence we obtain a

contradiction. This means C' # 0. By a simple scaling C' = —1 (by redefining
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vo for instance). Hence pW = —1. hence we have vy and vy solving the
homogeneous SL equation, vy satisfying the left boundary condition (23)
and v; the right boundary condition (24). Then there exist a unique Green’s

function given in (25).

To summarize all properties of the Green’s function we formulate the follow-

ing theorem

Theorem 2. Assume that the homogeneous SLBVP (f = 0 problem has
only the trivial solution. Let G(x,y) be the function given in (25) and with
the conditions (23) and (24). Then

i G(z,y) is continuous on the square a < x,y < b and has continuous second
derivatives on each of the triangles a < x <y <banda <y <z <b. On
each triangle L, G(z,y) =0

(ii) G(z,y) satisfies the boundary conditions at x = a and x = b,

(iii) For each y € (a,b) , G(z,y) satisfies the jump condition (21)

Conversely , properties (i)-(iii) uniquely determine G such that (19) solves
the SLBVP in (19).

We have remarked that , since L is self adjoint, the Green’s function is

symmetric. If p(z) > 0,¢ > 0 and hg, hy > 0 the we have the following result

Theorem 3. The Green’s function of the SLBVP ezists if p(x) > 0,q(x) >
0, and ho, hl Z 0.

proof. Th.1 says that the Green’s function exists if and only if the homo-
geneous SLBVP has only the trivial solution. The homogeneous SLBVP is
given as follows. Let z € C%(I) N CY(I) satisfy



Multiplying the differential equation by Z and integrating over I and using

integration parts we obtain

p(B)ha' (b + pla)ho?(a / p(e)2” + g(2)2de =0 (29)

Here, since p > 0 in [ then 2’(x) = 0in /. Hence z = a constant everywhere in
I, but this constant should vanish at the boundary points a and b, then z(x)
must vanish at all pints in /. This proves that under the given circumstances
the only solution of the SLBVP is the trivial one ,z = 0.

Example 1.Solve v’ = f(x), z € (a,b) and u(a) = u(b) = 0.

solution. Let

Go.y) amx+ay, a<xr<y<b (30)
x,y) =
Y bix+0by, a<y<axz<b

where the coefficient are to be determined through the conditions (17), (18),
(20) and (21). We find

(z—a)(y—b)
a<lz<y<hb
G(x,y) = bra 7 31
(@9) { —(y_‘;)_(j_b), a<y<z<b (31)

Hence the solution is given by

ule) = [ Gl )y = (32)
/x Wf(y)dy +/ w]f(y)dy’ (33)

b—a b—a
—i— [ w-oswar =2 [-viwa e

Example 2. Solve the same problem by changing the boundary conditions
to u(a) =0, u'(b) =0.



Example 3. Solve the same problem by changing the boundary conditions
to u(a) =0, u'(a)=0.

Example 4. Solve the same problem by changing the boundary conditions
to u(a) — a*u/(a) = 0 and u(b) + f*u/(b) = 0. Here a and 3 are some
constants.

4.2 The Neumann Series

Let us now consider the general SL problem

Lu=Ar(z)u+ f(z), =€ (a,b), (35)
u(a) — hou'(a) =0, w(b) + hyu'(b) = 0.

Since the Green’s function G(z,y) outlined in the first section belongs to the

operator L we then have

u@»=1/ G ) [f(y) + Ar(y)u(y))dy (37)

or, equivalently we have

u(r) =g(x) + A [ G(z,y)r(y) uly)dy, (38)
where

mw:/a@wmwy

Eq(38) is called the The Fredholm integral equation of the second kind which

can be put into a more symmetrical one. Let

ye) = Vr(@)u(@), g(z,s) = r(@)Vr(s)Gz,s), fi(z) = r(z)g(@).
(39)



y(@) = filz) + A / o(z, 5) y(s)ds, (40)

In our future analysis we let f; — f. Here g(z, s) is called the kernel of the
integral equation, f(z) is given and A is in general a complex parameter. In
most cases it is real. And also we can assume that g(zx,s) is continuous in
a < z,5 < band f(z) is continuous in ¢ < x < b. The integral equation
given in (40) may be solved by using several methods. Let us assume that y

is a power series in A

y(@) =Y N'ya(2), (41)

where the coefficients y,(x) will be determined by the use of the integral
equation (40) (we let f; = f). We obtain

wole) = (), (42)
i (z) = / 9(z. $) yo(s)ds, (43)

ya(x) = / 9(z, 5) 1 (s)ds, (44)

b
Yt = / 9(2, 5) yu(5)ds, (45)

forn =0,1,--- Hence all y,(z) can be calculated recursively. We have shown
that the series (41) must be uniformly convergent to justify the term by term

integration in (40).

Proposition 4. Assume that g(x, s) is continuous in a < x,s < b and f(x)
is continuous in a < x < b. The series in (40) is uniformly convergent if
MM —a) <1

proof. Since both g and f are continuous we have

M = mazx|g(x,s)|, N =mazx|f(z)
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ina <x,s <b. Using (42), (43, (44), and (45) we obtain

lyo(z)| < N, (46)
ly1(z)] < MN(b—a), (47)
ly2(2)] < NM?(b— a)?, [yn(2)] < NM™(b— a)"| (48)
which leads to
Ay @) < N D AM(Db - a)|" < oo
n=0 n=0

This result provides also a solution of the integral equation (40)

Proposition 5. Let

b
y() = f(z) + A / oz, 5) y(s)ds (49)

be the integml equation. Let g(z,s) and f(x) be continuous in a < x,s < b.
If N < s/ 5 then

b
) = Fa)+ 1 [ 2(as) F(s)ds (50)
where y(x, s) is called the resolvent kernel and given by
v(x,s) = f: Nk (2, 5) (51)
n=1
proof: Using (42)-(45) we obtain
yo(z) = f(o), (52)
b
yi(z) = / g(x,s) f(s)ds, (53)



b
g(x, s) ysds,

92

/b
where ko(z,s) = f; g(x,t) g(t, s)dt. Defining, in general

91(513, S) = g<x78)7

b
gul,s) = / 9(e, ) gar(t, 5)dt, n=2.3,-

then it is straightforward to establish the relation

yn(2) = / gn(z,8) f(s)ds, n=1,2,---

and hence

where



Convergence of the series in (62) is guaranteed by Prop.4, and the solution

given in Prop.5 is unique.

Theorem 6. Let g(x,s) and f(x) be continuous on a < x,s < b. Let M =

mazx|g(x,s)| for all (x,s) € [a,b]. If |\| < m the the solution

y() = f(z) + A / (. 5) £(s)ds

18 unique and continuous.

proof: Let us assume that there are two different solutions z;(z) and z3(x)
of the integral equation (49). Then their difference w(z) = z(x) — 2z1(x)

satisfies ,
w(z) = )\/ g(x, s)w(s)ds

Hence we have for all « € [a, b] we have
w(z)] < [AMW(b—a)
where W = maz|w(z)|. Then
[1—[AM(b—a)]W <0
This implies that W = 0. Hence z; = z3 everywhere in [a, b].

Example 5. Find the solution of
b
)= fla)+ 0 [ e ys)ds

Solution: Try to find the following solution. Given a continuous f(z) for

x € [a,b] we have

e b
o) = 1)+ T | e s
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where A # . (i) Discuss the case A = = (ii) and as an example let
f(x) = z2. Discuss also the application of (iii) Prop.4, (iv) Prop.5 and (v)
Thm.6 to this example. (vi) find also the Neumann series corresponding to

this example.
4.3. Fredholm Equation with Separable Kernels.
A separable kernel is given as

N

g(w,5) =Y pa(2) gu(s) (64)

n=1
Here we assume that the N functions p,, are linearly independent. Then the

integral equation (49) takes the form

va) = S+ [ syl (65)
b N
— @+ [ [Z m(x)qn(s)] y(s)ds, (66)
N b
= 1@ AL ) | [ wleteas). (67
= f(@)+ A cupal2), (68)
where
cn:/ n(s)y(s)ds, n=1,2--- (69)

Using (68) in (69) we obtain the following algebraic linear equations for the

constants ¢,’s

N
Cp = ﬁn +A Z Anm Cmy (70>

m=1
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where for all n,m =1,2,---

5 = [ a) e (1)
— /pn(s)qm(s)ds (72)

let A denote the N x N matrix corresponding to «,,, B be the column N-
vector corresponding to 3,, and C be the column unknown N-vector to be

determined then (70) simply becomes

[I — MA]C = B,) (73)

where [ is the N x N unit matrix. The above linear equation for C' is easily
solved , but we have to consider all possible cases. In the above equation (70)
we need to determine the unknown coefficients ¢,,’s in terms of the known

coefficients 3, and ayy,, for all m,n=1,2,---

case (a). f(x) =0 or B = 0 the equation (73) becomes homogeneous. For
nontrivial solutions det[I — AA] must vanish. Otherwise there is only the triv-
ial solution ¢, = 0, for alln = 1,2, ---. If det[I — AA] = 0 at least (depending
upon the rank of matrix A one of the ¢,’s is left arbitrary. In such a case
there are infinitely many solutions. To remind you the terminology: Those
values of A where det[] — AA] = 0 are called characteristic or eigenvalues
and any nontrivial solution of the homogeneous integral equation is called
the corresponding characteristic or eigenfunction. If there are k£ number of
constants ¢,’s n = 1,2,---,k for a given eigenvalue A, then k number of

linearly independent eigenfunctions are obtained.

case (b). f(z) # 0 but 5, = 0, n = 1,2,--- this means that f(x) is
orthogonal to all functions ¢,(z) , n =1,2,---. Hence B = 0. The case (a)
applies also here except for the fact that here the solution (68) contains the

function f(x). Hence the trivial solution C' = 0 correspond to the solution
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y(x) = f(z). Solutions corresponding to eigenvalues of A should be expresses

as the sum of f(z) and linear sum of the corresponding eigenfunctions.

case (c). B # 0. We assume that at least for some n , 3, # 0.if det[I —\A| #
0 a unique nontrivial solution of (73) exists, leading to a unique nontrivial
solution y(z) of the integral equation (68). if det[I — AA] = 0 either there
is no solution or the solution is not unique meaning that there are infinitely

many solutions.

Example 6. Let g(z,s) = 1—3xs. Solve the corresponding integral equation

by considering all three cases above

4.4. Hilbert-Schmidt Theory

When the kernel g(z, s) is not of type (64) there are , in general, infinitely
many eigenvalues and eigenfunctions of the homogeneous Fredholm equation.
In addition, there may also be more than one eigenfunctions corresponding
to one eigenvalue. This is called the degeneracy and the number of eigen-
functions corresponding to a single eigenvalue is called the multiplicity. In
this section we assume that the kernel g(z, s) is symmetric with respect to

the variables x and s. We also assume that multiplicity is one.

Remark: The homogeneous Fredholm equation

b
y(z) = A / g(z, 5) y(s) ds (74)

can not have zero eigenvalue , because the corresponding eigenfunction is

also zero. We the have the following result.

Proposition 7. Figenfunctions of the homogeneous Fredholm integral equa-
tion with a symmetric kernel corresponding to different eigenvalues are or-

thogonal.

proof: By its definition we have that
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b
ym:)\m/ g(:c,s)ymds, m:1727"' (75>

Multiplying by v, (x) and integrating over (a,b) we get

[ m@unwar = /ab () /ab oo,y (elds, (76)
- Am/ab Ym (s)ds /ab yn(z) 9z, 8)dz,  (77)

which leads to

b
/ Yon () () diz = 0 (79)
when A, # A\,

Remark 1: If there are more than one eigenfunctions corresponding to
an eigenvalue ), then orthogonalization of such a set is performed by the
standard Gram-Schmidt procedure. In the sequel we assume that such sets

are orthogonalized.

Remark 2: In the case of complex functions we generalize the Prop. 7 in

the following way

Proposition 7'. Figenfunctions of the homogeneous Fredholm integral equa-
tion with a hermitian kernel , g(x,s) = g(s,x) corresponding to different

eigenvalues are orthogonal.

Note that the inner product in this case is defined by

b
< fig>= / f(2)g(x)de
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where bar over a letter denotes complex conjugation. This proposition im-
plies that

/ " ) () = 0

for m # n. A Corollary of this proposition is that A, for such homogeneous
Fredholm integral equation with hermitian kernel and hence also for real

symmetric kernels the eigenvalues are real (Prove these statements).
We have now a theorem which will be used very often in our future analysis.

Theorem 8. Let g(x,s) be a real and symmetric continuous kernel over
(a,b). Let H(x) be any continuous function over (a,b) the any function
defined as

h(x)—/ g(x,s)H(s)ds (80)

can be represented as a linear superposition of the eigenfunctions y,(x), n =

1,2,---, of the homogeneous Fredholm equations with same kernel over (a,b).

Hence we have

W)=Y anya(e)

n=1

and

a, = Pin/a h(z)y,(x)ds

with p, = f; Yn(2)* daz.

Remark 3: If there are finite number of eigenfunctions then the functions

generated by the operation

[ oty s

form a restricted class of functions , irrespective the form of the function
H(x).
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Example 7. Let g(z,s) = sin(z + s) with (a,b) = (0,27) then it is easy to
show that

A = —, y; =sinz+cosz, (81)
T
1
Ao = ——, yo=sinxr —cosz. (82)
™
Hence we have finite number of eigenfunctions. Then any function h(z) given

as

takes the form
g(x) = Cysinz + Cy cosx

whatever the function H(x) is. It is obvious that h(z) can also be written as

h(x) = ary1(z) + azyz(x)

Remark 4. In some cases the eigenfunctions of the homogeneous Fredholm
integral equation may not form a complete set (see DK for the definition).
This means that any continuous function f(z) defined in (a,b) may not be
represented over the same interval by a series of y,,’s. In the sequel we assume

that y,,’s form a complete set over the interval (a, b).

The essence of the eigenfunctions of the homogeneous Fredholm integral
equation with a real and symmetric kernel shows up when we wish to solve

the inhomogeneous Fredholm integral equation

y(z) = f(2) + A / g(z, s)y(s)ds) (83)

where f(z) is a given continuous function over the interval (a,b). First we
shall use the orthonormalized set of eigenfunctions ¢, (x) which are defined
by

¢n = Cpyn(T)
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_ 1
where C,, = T and

b
/ Om () Pn(z)dz =0, m#n

Then from (83) by letting

JRYECFEIED SEHE

n=1

Hence we get

where ) -
o0 = [ (s) = £l
By defining b ' b
alzzjc y(5) Guds, xzz=:/[ £(5) fu(5)ds
then

anzcn_ﬁn

Multiplying (83) by ¢, (z) over (a,b) and using the symmetry of the kernel
we obtain
A
[l—A—]cn:ﬁn, n=12--- (84)
case a. If A = )\, where )\ is of the eigenvalues then ¢, becomes arbitrary
and the solution and g = 0 or fab f(s) pr(s)ds = 0 and the solution becomes

) = @)+ ule) + 2 3

n#k

b () (85)

case b. If A\ # N,k = 1,2,---, any one of the eigenvalues. Then the

solution is unique.
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x) = F@) + 2 Y T ()

4.4 Singular Integral Equations

So far we have assumed that (i) the interval (a,b) of the integral equations
are finite and (ii) the kernel g(z,s) was continuous. If an integral equation
has either an infinite interval or has a discontinuous kernel then such an
integral equation is called singular integral equation. The first two of the
following are singular Fredholm equations of the first kind and the last one
is the singular Volterra integral equation of the second kind (known also as
the Abel’s equation). Here y(z) are unknown functions to be determined in

each cases.

a) F(x) = /000 e " y(s)ds, (86)
b Flz) = /0 " sin(ws) y(s)ds, (87)
o) F(z) = /O ye) g (88)

Here in each case F'(z) is a given function. The solutions of the homogeneous

integral equations

b
MQ:A/‘AQQM@w, (89)
with
(1): (a,b) = (0,00) or

(ii): g(x,s) is not continuous in (a,b)

do not share the same properties as solutions of the homogeneous equations

in the previous sections. For example the first singular equation above has
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continuous eigenvalues, the second one has two eigenvalues with infinite mul-
tiplicity and the last one can be solved exactly. Here we shall only present

the first case. Recall the definition of the Gamma function

/ e s tds=T(a)z™, a>0 (90)
0

Changing « to 1 — « and rewriting the above equation once more we get

/ e s ¥ds =T(1—-a)z*!, a<l (91)
0

Dividing first one by /I'(«) the second one by 1/I'(1 — «) and adding them
we obtain

(92)

e — sa_l — 5 %|ds
/0 NN
=VI(@)z @+ /T(l-a)2*", 0<a<l (93)

This last equation gives us the eigenvalues and the eigenfunctions of the

homogeneous singular Fredholm integral equatuion (89)

1
Ao = , (94)
(o) T(1 — )
Yo = VI —a)z®t+/T(a)z” (95)
By using the identity
INa)I'(1 —a) = 0<ax<l
()1 = a) sinam’ “

then the eigenvalues become more simpler

sin ar

Ao =
T

As we observe that a takes any values in the interval (0, 1), hence eigenvalues

take also continuous values.
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