Mathematical modeling
Applied Mathematics 115
(Spring 2009)

Instructor: Eli Tziperman(eli at eps.harvard.edu).

TFs: John Crowley, jcrowley@fas.harvard.edu; Megan McCleaneacx@fas.harvard.edu

Workshops: (sections): see web page
Day & time: Tue-Thu 11:30-1pm.
Location: Maxwell Dvorkin 125;

Bibliography: material from several textbooks and other sources will legluthe source materials for all
lectures, including Matlab programs used in class, may badbtere Follow links below
for the specific source material for each lecture.

e Advice on projects and presentations

This document: http://www.seas.harvard.edu/climate/eli/Courses/ARSM2009spring/
detailed-syllabus-apm115_ modelling.pdf

AnnouncementsLast updated: April 7, 2009.
Feel free to write call or visit us with any questions.

Workshops:

Projects:

1 Outline

Mathematical models are ubiquitous, providing a quamigatramework for understanding, pre-
diction and decision making in nearly every aspect of lismging from timing traffic lights, to
controlling the spread of disease, to weather, climate chepakes, to economic forecasting.
This course provides an introduction to modeling througldepth discussion of a series of real
examples.


http://my.harvard.edu/icb/icb.do?keyword=myharvard&subkeyword=k40821&tabgroupid=icb.k40821.tabgroup.top
http://www.seas.harvard.edu/climate/eli
http://www.seas.Harvard.edu/climate/eli/Courses/APM115/Sources/
http://www.seas.harvard.edu/climate/eli/Courses/APM115/Sources/Guidelines_for_projects_presentations_and_paper.ppt
http://www.seas.harvard.edu/climate/eli/Courses/APM115/2009spring/detailed-syllabus-apm115_modelling.pdf
http://www.seas.harvard.edu/climate/eli/Courses/APM115/2009spring/detailed-syllabus-apm115_modelling.pdf

2 Administrative

Prerequisites: Applied Mathematics 21a and 21b, or Mathematics 21a and 2®nission
of instructor. Knowledge of some programing language ipfuélbut not necessary as we’ll be
introducing Matlab for those with no previous experience.

Workshop: In addition to the lectures, the class will have a weekly cotepworkshop, in
which students will have the opportunity to implement angdlese the models described in class
on a computer. The workshops should be entirely self coathitne goal being that every student
will have successfully implemented the model by the end efwlorkshop. Occasionally some
groups may be asked to complete the task after the workshaguld&eimes for workshops will
be scheduled at the beginning of the semester.

Computer Skills: No computer skills are assumed for this class. Computer lalb®&vrun
in MATLAB, and as part of the course, students will therefoeengfacility with this package.
Students should download and install the MATLAB system agirtkomputers from the FAS
software site (see the WWW links button on the main course pag&) will schedule a crash
introduction to MATLAB early next week. Additional instrtion will be given in the computer
workshops.

Group homework: Homework assignments, in the form of model developmeniggtsj will
be assigned roughly every two weeks. These projects wilbioepteted by 3 person teams (to be
formed in the first workshop). These models will further explthe models discussed in class.
Each team will focus on a different extension of the modetsi @ill present their findings in a
subsequent class. A brief written report is expected froom ggoup for each of the projects.

Individual final project: During roughly the last third of the semester, each indigldill
carry out a final project investigating a new model or caigyont a significant extension of a model
discussed in class. Student creativity in selecting andirgfithe project topic will be important
in evaluation of the project. During this time period, honogkvwill not be assigned. Class time
will be spent discussing “progress reports” on the projects

Grading: Attendance in lectures and workshops is mandatory and wilpdrt of the final
grade; class Participation will also be an important cogrsition. Workshops 20%; Homework
(student group projects) 30%; Final Project 50%;

3 An evolving syllabus

This list of topics to be covered will evolve and become mgrecsic and detailed during the

course. Follow links to see the source material and Matlathoderograms used for each lecture.
We'll be building a toolbox of modeling concepts and methddsng the course, and the list below
indicates the toolbox items provided by each of the topics.

L1: Introduction, overvievhere


http://www.seas.harvard.edu/climate/eli/Courses/APM115/Sources/introduction/Applied-math-115-first-lecture.ppt

L2-3: POPULATION DYNAMICS, SINGLE SPECIES [toolbox concepts:ODEs; fixed points, linear
stability of fixed points, numerical solution of ODEs, Mawkprocess, stochastic equations,
stochastic simulation, equations for probability digitibn function].downloads

— A single species with limited resources, deterministic approach: logistic equation, ge-
ometric approach, linearized stability analystérogatz, 19942.3, 2.4 p 21-25hers.

— Asingle species, stochastic approach: probability, Markov process, simulating stochas-
tic process and calculating the pdf numericalReashaw, 19913.2.3, pp 55-57; 3.4,
p 59-61,herg; master equation, solving directly for the pdf (3.1, p 45:4

— stochastic_logistic.m

L4-5: POPULATION DYNAMICS, COMPETITION OF SPECIES [toolbox concepts: phase plane,
oscillations vs limit cycles, model validation; maps asayncal systems, their fixed points,
oscillations and chaoslownloads

— Two competing species. deadly survival struggle between sheep and Rabbits
(Strogatz, 19946.4, p 155-159), or pp 1, 2, top of 4 (Linearization in 2dhotes then
page 5 in these notes: sheep and rabbits equations, intttag®e plane, fixed points,
stability, limit cycles.quiver_sheep_rabbits.m

— Predator-prey oscillations. Motivation: Lynx and snowshoe hare in Canada. Lotka-
\olterra equations (egn 4.7 RJesterton-Gibbons, 1988ection 4.12, p 154-15Rgere,
(or from wikipedig and an improvement resulting in a limit cycle (10.2, p 3833
predator_prey.mAn interesting twistmodel validation using Lynx and snowshoe hare
observations.

— Love affairs (an example of a linear 2d system), Strogatzion 5.3

— Logistic map: fixed points, stability, oscillations, chaos. Why is the Bigi map be-
havior so much richer than of the continuous logistic equmtiPoincare section and the
relation between maps and continuous syste®isofatz, 199410.0-10.4, p 348-363,
here.

— Examples of projects. bugs, birds and leaves from Strogatz; love affairs;
e [Assignments of first group projects]

L6-7: CLIMATE: [toolbox concepts: multiple equilibria, bifurcations, hysteresis, cataptres,
stochastic differential equations, white noise, red ndisairier transform, spectrum, AR(n)
Markov process, variance, autocorrelatidojvnloads

— Energy balance models, from greenhouse warming to snowball earth: Background
black body radiation, solar radiation, long wave radiatialibedo, greenhouse effect,
emissivity, schematic energy budget for the atmosphereerd-dimensional energy
balance model including the ice albedo feedback; resulistdle node bifurcation,
catastrophes and hysteresis due to two back to back sadtfebifarcations (myotes
quick time animationof the bifurcation behavior; Aarnout van Deldendides 1-9
saddle-node bifurcation, lower half of page 4hioteg. Implications: snowball earth
energy_balance_0d.m


http://www.seas.harvard.edu/climate/eli/Courses/APM115/Sources/population-1/
http://www.seas.harvard.edu/climate/eli/Courses/APM115/Sources/population-1/Strogatz-21-25.pdf
http://www.seas.harvard.edu/climate/eli/Courses/APM115/Sources/population-1/Renshaw-46-61.pdf
http://www.seas.harvard.edu/climate/eli/Courses/APM115/Sources/population-1/stochastic_logistic.m
http://www.seas.harvard.edu/climate/eli/Courses/APM115/Sources/population-2/
http://www.seas.harvard.edu/climate/eli/Courses/APM115/Sources/population-2/lecture_bif2d1.pdf
http://www.seas.harvard.edu/climate/eli/Courses/APM115/Sources/population-2/quiver_sheep_rabbits.m
http://www.seas.harvard.edu/climate/eli/Courses/APM115/Sources/population-2/lynx-hare-krebs-etal2001-bioscience.pdf
http://www.seas.harvard.edu/climate/eli/Courses/APM115/Sources/population-2/Mesterton-Gibbons-predator-prey.pdf
http://www.seas.harvard.edu/climate/eli/Courses/APM115/Sources/population-2/lotka-volterra-wikipedia.pdf
http://www.seas.harvard.edu/climate/eli/Courses/APM115/Sources/population-2/predator_prey.m
http://www.seas.harvard.edu/climate/eli/Courses/APM115/Sources/population-2/lynx-hare-NAO-Stenseth-etal-Science2002.pdf
http://www.seas.harvard.edu/climate/eli/Courses/APM115/Sources/population-2/Strogatz-love-affairs-section-5.3.pdf
http://www.seas.harvard.edu/climate/eli/Courses/APM115/Sources/population-2/Strogatz-348-363.pdf
http://www.seas.harvard.edu/climate/eli/Courses/APM115/Sources/climate/
http://www.seas.harvard.edu/climate/eli/Courses/APM115/Sources/climate/APM115-climate-intro.ppt
http://www.seas.harvard.edu/climate/eli/Courses/APM115/Sources/climate/1-energy-balance/energy_balance_0d.pdf
http://www.seas.harvard.edu/climate/eli/Courses/APM115/Sources/climate/1-energy-balance/budyko-bifurcation-animation.qt
http://www.seas.harvard.edu/climate/eli/Courses/APM115/Sources/climate/1-energy-balance/www.phys.uu.nl_nydeden-ClimDyn3-Energy-balance-slides.pdf
http://www.seas.harvard.edu/climate/eli/Courses/APM115/Sources/climate/1-energy-balance/lecture_bif1d1_eli.pdf
http://www.seas.harvard.edu/climate/eli/Courses/APM115/Sources/climate/1-energy-balance/energy_balance_0d.m

— Thermohaline circulation and the day after tomorrow: Motivation: glacial cycles,
Dansgaard Oeschger events, thermohaline circulatiorgftieiytomorrowfrailer. Stom-
mel’s model, multiple equilibria (bi-stability) of oceaireculation, and abrupt climate
change ffotes about the Stommel-Taylor modeld Matlab fileStommel.n).

— A stochastic model of Climate variability: here motivation in the above intro slides;
weather vs climate, fast vs slow variability; spectrum, t@mmoise, red noise, Hassel-
mann’s stochastic model, simulating and then solving é&xatFourier space, solving
for the climate temperature spectrump{eg Hasselmann.man equivalent discrete
Markov process (AR(1)), variance and autocorrelatioot€g. arl.m

— Examples of projects: room air conditioning; 1d energy balance model,

L8: MODELING “PHILOSOPHY: Why model? What's a good model? (as simple as possible,
equations well motivated by data, aids our understandind,adble to surprise us and pro-
vide new insight/ prediction not obvious beforehand). Ma@didation, simple vs complex
models, simulation vs modeling, optimization, stochagsicleterministic, etc.

L9-10 GENETICS [toolbox concepts: Markov chains, stochastic processes, stochastic mairices
(my notesbased ofRoberts (1975 chapter 5see als®linick (1978 chapter 19downloads

— Background: stochastic processes and Markov chains: Stochastic processes with and
without memory, Markov chains, absorbing chains and regrigodic chains. Perron-
Frobenius theorem (wikipedia), bounds on the speed of e¢ganee using second-
largest eigenvalue.

— Genetics: (5.7) genes: recessive, dominant; states: pure dominang, necessive,
hybrid; three scenarios: continued crossing with a hybrahtinued crossing with a
dominant; inbreeding.

— Projects: Simulate a stochastic adjustment process, compare thissrestheoretical
predictions based on fundamental matrix (if availablendwition (if not).

e [Assignments of second group projects]

L11: THE INTERNET AND GOOGLE S PAGERANK: [toolbox concepts: stochastic matrices,
eigenvalues, power method for calculating eigenvaluesove, networkstiownloads

— Motivation: building a $100 Billion company based on a simpiedel; Google vs
BMW: this andthis.

— Modeling the Internet via a random walker and the PageRardrittigh from p 1-7
here SeeMatlab demo The theoretical background, proving that there is a PageRan
and that it is unique is the Perron-Frobenius theorem sgtdliat a stochastic matrix
(each row sums to one) with all positive elements has a slagiest eigenvalue equal
to one. See Wikipedia for thineoremand forstochastic matriceshe power method
is explained inBurden and Faires, 2009.2 p 557-558) and iwikipedia

L12: TRAFFIC FLOW. [toolbox concepts:discrete modeling, delayed ODESs, waves]; [time per-
mitting: PDEs, characteristics, shockikjwnloads
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http://www.apple.com/trailers/fox/dayaftertomorrow/large.html
http://www.seas.harvard.edu/climate/eli/Courses/APM115/Sources/climate/2-thermohaline-circulation/THC-Stommel-model-notes.pdf
http://www.seas.harvard.edu/climate/eli/Courses/APM115/Sources/climate/2-thermohaline-circulation/Stommel.m
http://www.seas.harvard.edu/climate/eli/Courses/APM115/Sources/climate/3-stochastic-climate-variability/
http://www.seas.harvard.edu/climate/eli/Courses/APM115/Sources/climate/3-stochastic-climate-variability/Hasselmann-notes.pdf
http://www.seas.harvard.edu/climate/eli/Courses/APM115/Sources/climate/3-stochastic-climate-variability/Hasselmann.m
http://www.seas.harvard.edu/climate/eli/Courses/APM115/Sources/climate/3-stochastic-climate-variability/AR1-notes.pdf
http://www.seas.harvard.edu/climate/eli/Courses/APM115/Sources/climate/3-stochastic-climate-variability/ar1.m
http://www.seas.harvard.edu/climate/eli/Courses/APM115/Sources/markov/markov-notes.pdf
http://www.seas.harvard.edu/climate/eli/Courses/APM115/Sources/markov/Roberts-1976-chapter-5.pdf
http://www.seas.harvard.edu/climate/eli/Courses/APM115/Sources/markov/Olinick-1978-chapter-10.pdf
http://www.seas.harvard.edu/climate/eli/Courses/APM115/Sources/markov/
http://www.seas.harvard.edu/climate/eli/Courses/APM115/Sources/google/
http://www.seas.harvard.edu/climate/eli/Courses/APM115/Sources/google/Google-and-BMW.pdf
http://www.seas.harvard.edu/climate/eli/Courses/APM115/Sources/google/Google-explaining-BMW-ban.pdf
http://www.seas.harvard.edu/climate/eli/Courses/APM115/Sources/google/Investigating-Googles-PageRank-algorithm.pdf
http://www.seas.harvard.edu/climate/eli/Courses/APM115/Sources/google/PageRank_demo.m
http://en.wikipedia.org/wiki/Perron-Frobenius_theorem
http://en.wikipedia.org/wiki/Stochastic_matrix
http://en.wikipedia.org/wiki/Power_method
http://www.seas.harvard.edu/climate/eli/Courses/APM115/Sources/traffic/

— Motivation: Think your commute is bad? watch the traffic in Karachi frgoutube
or locally; Local copies of two 3d animations frofmere are: driver to helicopter
perspectiveandmerging trafficfrom bird view; simple gif trafficanimations A very
nice Java applet demonstrating many different traffic walated phenomenbere
reporton the effects of adaptive cruise control on traffic jams;

— Sngle-car approach: deriving relation between inter-car distances and carcitglo
(Mesterton-Gibbons, 1988.13, p 34-35herg. Next, finding the fixed point: velocity-
density relationship in a steady state situation (2.3, p8)/-Finally, stability: propa-
gation of a perturbation, driver reaction time and stapdit traffic flow (2.8, p 76-83),
usetraffic.m, and alsdraffic_loop.m Alternative analysis for delay equations: Taylor
expand{(t — t)~{(t) — {(t)t so that{(t — 1) = RHS becomeg((t) — {(t)T=RHS, or
equivalently,( = n andn(t) = (n(t) — RHS)/t, and we can now do stability, ode45,
etc.

e [time permitting:] Macro approach: car conservation and a kinematic wave equation
(Haberman, 200312.6.2, p 548-549%herg, method of characteristics and graphical
solution (12.6.3, p 549-550), example from my LaTedtes fan-like characteristics (p
551), development of discontinuities, shock waves anfi¢rjaims (12.6.4, p 551-553),
jump conditions across shock, shock velocity includingnegke (p 554-555), finite
time development of shocks and shock dynamics (p 556-55@ffid light problem
(Whitham, 19743.1, p 71-72).

L13-14: SPATIALLY EXTENDED DISCRETE SYSTEMS [toolbox concepts:discrete modeling, cel-
lular automata (CA), fractals, fractal dimension, perdolatphase transitions; time permit-
ting: self organized criticality and/if behavior]

Strategy here: first teach several examples and then praoesume fundamentals and a
slightly more rigorous systematicdownloads

— (first lecture) Motivation: youtube movies of fires from ddeads directory: “Morgan
starts a fire” and “fighting a forest fire”. Thdarest_fire_percolation.rand explain in
detail the algorithm of this Matlab code.

— Making the forest more dynamic: adding probabilistic treewgh and lightening
forest.m(Chopard and Droz, 200p 31-33);

— Conway’s “game of life”: show rules fromvikipedia show a simulation usinfife.m;
show and work out in detail some interesting cases fuaikipedia and animations
from the “wikipedia commons”. Discuss fixed points, permbdehavior, gliders, guns
and more;

— Diffusion limited aggregation: first with learning_stage@ow resolution, slow) and
then O (high resolution, fast). RWPML15 vi ne. m

— Particle dynamics and HPP rule: show Figs 2.9, 2.10 and 2dih Chopard-Droz
pages 38-42 and rigas2.m The HPP rule simulation of gas particles in a two-chamber
container Chopard and Droz, 2002.2.5, p 38-42); time reversibility and the effect on
that of a small error (Figs. 2.11 vs 2.12).

— (second lecture) CA background: definition, neighborhopas$y boundary conditions
(Chopard and Droz, 2003.3.1-1.3.3, p 12-18ere;
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http://www.youtube.com/watch?v=qun9jiLww8M
http://www.seas.harvard.edu/climate/eli/Courses/APM115/Sources/1-karachi-traffic-jam.flv
http://www.vwi.tu-dresden.de/~treiber/movie3d/index.html
http://www.seas.harvard.edu/climate/eli/Courses/APM115/Sources/traffic/2-3d-traffic-anim-FahrerHubi_schnell.mpeg
http://www.seas.harvard.edu/climate/eli/Courses/APM115/Sources/traffic/3-3d-merging-traffic-anim-birdview-Vogelperspektive_Web.mpeg
http://www.seas.harvard.edu/climate/eli/Courses/APM115/Sources/4-traffic/traffic-animation.htm
http://www.traffic-simulation.de/index.html
http://www.seas.harvard.edu/climate/eli/Courses/APM115/Sources/traffic/6-adaptive-cruise-control.pdf
http://www.seas.harvard.edu/climate/eli/Courses/APM115/Sources/traffic/Mesterton-Gibbons-traffic.pdf
http://www.seas.harvard.edu/climate/eli/Courses/APM115/Sources/traffic/traffic.m
http://www.seas.harvard.edu/climate/eli/Courses/APM115/Sources/traffic/traffic_loop.m
http://www.seas.harvard.edu/climate/eli/Courses/APM115/Sources/traffic/Haberman_traffic_flow.pdf
http://www.seas.harvard.edu/climate/eli/Courses/APM115/Sources/traffic/notes_traffic_characteristics.pdf
http://www.seas.harvard.edu/climate/eli/Courses/APM115/Sources/automata/
http://www.seas.harvard.edu/climate/eli/Courses/APM115/Sources/automata/forest_fire_percolation.m
http://www.seas.harvard.edu/climate/eli/Courses/APM115/Sources/automata/forest.m
http://en.wikipedia.org/wiki/Conway's_Game_of_Life
http://www.seas.harvard.edu/climate/eli/Courses/APM115/Sources/automata/life.m
http://en.wikipedia.org/wiki/Conway's_Game_of_Life
http://commons.wikimedia.org/wiki/Game_of_Life
http://www.seas.harvard.edu/climate/eli/Courses/APM115/Sources/automata/gas2.m
http://www.seas.harvard.edu/climate/eli/Courses/APM115/Sources/automata/Chopard-Droz-pages.pdf

— Systematics: 1d CA, Wolfram rules (Matlab cod=_1D.m tables of all ruleshere
andherg, (ir)reversibility, Totalistic CA, four universal class¢2.1.1-2.1.2, p 21-26);
class 3 and sea shellskipedia (see also paper Byolfram (1984 hers.

— Fractals, and fractal dimensio8tfogatz, 199411.0-11.4, p 398-41(erq. first box
dimension, then note problem with it (density of points isecunsidered) and introduce
correlation dimension.

— More 2d forest fires in a static forest: critical (threshdi#e density, percolation and
fractal clusters, universal scaling behavior near petwoighreshold Chopard and Droz, 2005
p 31-33),forest_fire_percolation.m

— Time permitting: stochastic CA, the diffusion rule and macapic limit leading to the
1d diffusion equation (3.1.1 p 67-68; 3.1.3, 71-74).

— Time permitting: other examples: land slides in a sand @Eitale-invariance, /f,
universal exponents and behavior as near a phase transitioout having to vary a
parameter (hencself-organized criticality) (Bak et all sandpile model fromvikipedia),
sandpile_simple.grrules for sand flow in an hour glasStjopard and Droz, 2002.2.6
p 42-46).

— Resourcesintroductionto automata in Matlab.
— Examples of projects. snow bumps on ski slopes; sand piles; hour glass;

L15: Second group project presentations

L16: WAVES!: [toolbox concepts:wave equation]
downloads This lecture comes after the cellular automata ones. Vafesiadium wave
from youtube. First approach: Stadium automata based osittiqg@e model in the nature
paper with details from the Hungarian web page and their dawvaation. Second approach:
a wave equation in 1d. Solution and wave basics (wavelepgtind, phase velocity). Then
2d.

L17-18: DIFFusION: [toolbox concepts: PDE, numerical solution of PDEs, finite differencing]
downloads Adam (2003, here

— Motivation: perfume in class; examples including the “rmgjt of an initial structure,
a point source, and a rotating point source (all solvediffiysion_demo_apm115)n

— Random walks and diffusion, pages 309-3Q4(Y;2) = s\/n.

— Derivation of the 1d diffusion equations (e.g. for heatwhfbn), last paragraph of page
311 to end of first paragraph on page 313). As for boundaryitiond, describe two
alternatives: specified temperature (&.¢gx=0,L;t) = Tp) and specified flux boundary

e dT (x=0,L;t)
conditions (e.g.—K% =0).

— Scaling/ dimensional arguments for diffusion time (begigrof page 311, and rest of
page 313). Examples: ethanol in air: 0.12°¢sec; sugar in water: 1.52e-5 éfisec.

— Numerical solution by straight forward center finite difacing in space and the Euler
time stepping schemdijffusion1ld.m


http://www.seas.harvard.edu/climate/eli/Courses/APM115/Sources/automata/ca_1D.m
http://www.seas.harvard.edu/climate/eli/Courses/APM115/Sources/automata/tables-of-1d-CA-from-wofrram-site.htm
http://www.seas.harvard.edu/climate/eli/Courses/APM115/Sources/automata/links-to-more-tables-from-wolfram-with-examples-of-behavir.htm
http://en.wikipedia.org/wiki/Cellular_automaton
http://www.seas.harvard.edu/climate/eli/Courses/APM115/Sources/automata/wolfram-1984-Nature.pdf
http://www.seas.harvard.edu/climate/eli/Courses/APM115/Sources/automata/Strogatz-398-410.pdf
http://www.seas.harvard.edu/climate/eli/Courses/APM115/Sources/automata/forest_fire_percolation.m
http://en.wikipedia.org/wiki/Bak-Tang-Wiesenfeld_sandpile
http://www.seas.harvard.edu/climate/eli/Courses/APM115/Sources/automata/sandpile_simple.m
http://www.seas.harvard.edu/climate/eli/Courses/APM115/Sources/automata/CA.htm
http://www.seas.harvard.edu/climate/eli/Courses/APM115/Sources/waves/
http://www.seas.harvard.edu/climate/eli/Courses/APM115/Sources/diffusion/
http://www.seas.harvard.edu/climate/eli/Courses/APM115/Sources/diffusion/Adam-2003.pdf
http://www.seas.harvard.edu/climate/eli/Courses/APM115/Sources/diffusion/diffusion_demo_apm115.m
http://www.seas.harvard.edu/climate/eli/Courses/APM115/Sources/diffusion/diffusion1d.m

19: FA.UIDS AND TRANSPORT Stirring your coffee and finding those hidden cookig¢eo[box
concepts:tracer conservation, advection-diffusion equation,astréunction, mass conser-
vation]. Notes irdownloaddirectory.

— Motivation: stirring coffee, finding cookies, ozone holemation, contaminants, smok-
ing in class with the door open,;

— 1d advection-diffusion equation derived from tracer covaton.
— 2d flows: mass conservation, stream function, 2d adveciftustn equation

— Enhanced mixing via stirring and diffusion, the 2d animafimm the course web page.
Experimental example by GI Taylor himsélére watch starting time=13:20.

— From stirring to mixing: solution of the 1d diffusion equatiwith an initial condition
of C(x,t = 0) = Acogkx) as function ofk; scale selective character of the diffusion;
explain the role of stirring in stretching the initial trade create thin filaments.

— Numerics: center differencing in time, flux form and numatiwonservation, leap frog,
Robert filter.

L20: THE BLACK-SCHOLES FORMULA OPTION AND STOCK PRICING An application of the
diffusion equationnotes

L21: DIMENSIONAL SCALE ANALYSIS: estimating the answer without solving the problem...
notes

L22: Third group project presentations
L22-27: Final individual project assignments and progregerts.

25 Predicting the stock market (sort of...) [toolbox concepts:least square fitting, autoregressive
AR(p) modeling, higher order Markov processes, geometrieMBran motion|]

— Motivation: stock/ oil prices; uncorrelated white noisendam numbers, 1st order
Markov process, autocorrelation (as a measure of the mgnobrg time series, of
a white noise, of a Markov procedsdst-squares-notes.pdf

— Geometric Brownian motionp( ot _GBM m reducing the stock price prediction to a
least-squares problem for a few coefficients in a Markov @seqabove hand written
notes). Another motivation: fitting a set of data points wattow-order polynomials
(BF 8.1 p 482-484). Solving least-square problems: the t®kIsolution which is the
wrong way to go (CM 5.5 first page, and above notes).

e Monday, May 4, 2009, session 1: 08:00-12:00, session 2:01B7000, during reading pe-
riod: final presentations of individual projects, 10 mirsifer presentation. Class divides
into two parts and each student needs to be present duringfdhe two above sessions.
(Hopefully: 12:00-13:00 pizzas for both sessions).


http://www.seas.harvard.edu/climate/eli/Courses/APM115/Sources/advection/
rtsp://18.39.0.144:554/ifluids/Low_Reynolds_Number_Flow.rm
http://www.seas.harvard.edu/climate/eli/Courses/APM115/Sources/option_pricing_Black-Scholes/
http://www.seas.harvard.edu/climate/eli/Courses/APM115/Sources/dimenional_scale_analysis/
http://www.seas.harvard.edu/climate/eli/Courses/APM115/Sources/least-squares-stock-market-prediction/least-squares-notes.pdf
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