LectureNotes

AM111 Lectures

O Week 5
O Week 6
O Week 7
O Week 8

O Week 9 Spring Break!

O Week 10
o []
o [ Apr. 4

e [] Numerical Solutions of Ordinary Differential Equations (ODEs)

o [

L

th

Initial Value Problems

DO _ Fe50)

Example 1: Compound Interest
dy
a ="

o Y(t=0)=yo

O ¥(t) =yoe"
Example 2: single pendulum

d*e
=
de(r =0)
t: - 7:b
O 8(t=0)=a,—_
O =26
do
:726
O Y2 dt
O so now
d d
i L

Example 3: # of rabbits
O r = # of rabbits
O f=# of foxes

dr

O —dt:2r—2rf
df
_— = — 2
O =—f+2f

o 7(0)=ro, and £(0) = fo

O This is the Lotta-Volterra predator-prey model

O This is a nonlinear equation!
Example 4: Chemical Reactions
O Part of Ozone Chemistry is:
O 03 + 02 <—k2—>kl 0+ 202

O O3+0 —4, 20,

o Defining v, — [05],y, = [0],y3 = [0,]

O Y1 = —kiyiys +kayayi — ksyiya
O Y2 = kiyiys — kayayi — kayiyn
O Y3 = ks — kayays + 2ksyiya

Numerical solution:
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o [ Generate a sequence of values for t, {lo,h, b } and a

corresponding sequence for the dependent variable {}70 Vi Vi }
SVlgeewsVnye--

s.t. Y o y(tn)

Let's take a constant step size:
iyl =y = h— I, = I’lh+t()

dy
a _f([ay)

recall that:
dy li Yrtl e
im ——

O O 0OoO

O d[ t 1=l [n+] _tn
n

e [] So that

o [] f(tnayn) = )%

e [] This is Euler's Method.

Check for the case of .y
[ ) D _— y
dt
e [1 Notice that the result is only approximate. We have errors
(discretization errors) at each step.
e [ Another way to solve this involves another way to take a derivative:

dy 1i Yn = Yn+1
m —

7 Yn+1 = Yn +f(tn7yn)At

= 1i
D dt fast =yt tn_tn+1

e [] so that

o [ Yn+l _f(tn+1ayn+1)At =Yn

e [ This is the Backward Euler Method, and is an implicit method.
o [0 A method is called explicit if y,,jcan be computed directly in terms of the

previous values of y, k< p.

o [1 A method is called implicit if y,. | depends implicitly upon itself through

f(t,y)

® [1 The backward Euler method can be found through the familiar process of zero
. . !
finding! We simply want to find the zero of Ynit = Yn— f (a1 Yns1 )AL

o ] We now check out the case of ) — ;. Looking at the real part, we find that the

exact solution is a nice sinusoid, but that our Euler Method solution is a
growing sinusoid, and that the Backward Euler Method produces a damped
sinusoid. What's up with that?

O Using the forward Euler method, we find that Vo = (1 + ALy

co 2o jiany
Yol

o0 PO =i 1+ A = T+ (A1) > 1

0O Defining 7= Ath, We find that the above quantity is only less than 1 in the

unit circle centered at z=-1.
O When [1+zI>1, then |Yn’ s o8 N— 0
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unstable

e For the backward Euler Method, Yo = yo(l N At?»)fn’ which is going to

blow up for all 7 inside the unit circle centered on +1.

Stable

o\

e [1 What can we figure out about the solution from the local behavior of f(t,y) near
tcvyc ?

e [ f(tay) :f(fc,yc)+0€(f—tc)+J(y—yc)+...

_9f
o [] Q= g(%)’c)

_of
Oa J= g(tcvyc)

O Jis the jacobian matrix.

. The local behavior of Q _ (t,y) near ¢.,y. can be approximated by
dt
dy if we ignore the o term.
ar y
e J=VAV!
A =diagonal eigenvalue matrix, and y/y — y dx (Visan
o [] — =AX

dt

eigenvector matrix)
e [ So let's go back to our pendulum problem. The jacobian matrix is now
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s 0 1
* 0 77 —£cosy0

whose eigenvalues are:
/[ 8
o [ + —Zcosyl

e [1 What about accuracy?
e [ Definition: Local Discretization Error

o O &1 =Y(tis1) — [y(tx) +A10]
o [ where Y(teer), y(t) @€ the exact solutions at 7, | and f,,

respectively, and \phi is the one-step approximation over the time

interval te [lk,tkﬂ]'

o [] €. ¢ :f(tnay(tn))
e [ Definition: Global Discretization Error
o E = y(tk) — Y where yy is the approximate solution.

e [] Example: Forward Euler

dy(r) 1d?y(cx)
te+Ar) = y(t At + —
o Yt ) =y(t) + dt +2 dr2

I

Ar?

e[ Ck € [l‘k,l‘k-i-Al‘}

1d%y(c
00 y(ten) =300+ Flul)a+ LD
Local Error: 212
At)-d

e [1 Global Error: Consider integration over a specified time interval
t € [a,b]- We have K steps, sothat Arg — ) — ¢

K AP d?y(c;)) Ar? At
Ex=) — Y~ — CK=—=—C(b—a)~ O(At
e [] K ng 2 dtz 2 C 2 C( a) O( )

e [ Next time, we'll look at quadrature methods.

e [ Notice that the forward Euler method is essentially just the simplest form of
quadrature --Rectangles!

/—

e [ Backwards Euler is just about the same.

4/13/06 10:54:40 AM
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e [] Apr. 6th
e [] Lasttime...

o[

e [e o[ o

e [

We went over initial value problems for ODEs.

dy(1) N

5 = Jy0)

o () =5
Euler's Method
O Forward (explicit)
O Backward (implicit)
Stability
O Forward Euler
O Backward Euler
Accuracy

e [] How can we get better accuracy?

e[
L

Given y(li)’ how do we get y(ti —|—At) accurately?

Taylor Methods

O Suppose y has n continuous derivatives on the interval [a,b], and yA(n+1)
exists on [a,b], and that fiti+ A € [a,b].

o [ Then there exists a number ce (li,ti—l—At) s.t.

o [ y([l’-l—Al‘) =P, +R,
Where

n (k) (g,
Y (i
O Pn:kzo kf )(At)k

is the nth Taylor Polynomial.

and (n+1) is the residual.
— Y (C) n+1
e [] R, = W(At)

O We will use p, to approximate y(ti+ Ar)- This is the Taylor method of

order n.
O For n=1

d};(tti) At = y(t;) + f(ti, (1))

e [ This is the Euler method. The error scales as order 1in Az,

o 0 Y(ti+At)=y(t)+

O Forn=2
dy(t;) 1 dz)’(h‘)
At + —
dt * 2 dt?
1df(ti,y(1:))

2 dt

e [1 This is a tad messy. We want higher order methods but we don't want to
have to take higher order derivatives.
Different approach -- Numerical Quadrature

o O y(ti+A1) =y(1;) + (Ar)?

o O =)+ ft,y(t)+ (Ar)?

Sections

4/13/06 10:54:40 AM

Office Hours



LectureNotes 4/13/06 10:54:40 AM
AM111 Lectures Sections Office Hours

dy_

e [] E_f(tvy)

vl 80) =)+ [ s a(s))ds

If the function f(t,y) does not depend upon y, then
ti+At
i+ A =y(n)+ [ fls)ds
ti

Recall that the Euler method is equivalent to evaluating this integral as
sum of rectangles.

One way to improve it would be to use the midpoint method to estimate the
height of these rectangles.

At

o[ f(t—l—?)At

This yields an error of order O(Atz)

[ ]
O o o o O

The midpoint rule would yield for y, 1

Yt = Yo+ [ (tn 4 (A1/2), y(tn + (A1/2))) At

We approximate At by the Euler method:
o D y tn + ?

O 1= f(tn)
At At
Sy =Jn+ 5Yn T3S
O s2=f(t.+ 7ot 1)
o [0 Yntl =Yn=Atsy
O This is 2nd-order Runge-Kutta.
e [] We could also use the trapezoidal quadrature.

o0 5 IF0)+ Fle+a0)

oI This also yields an error of order O(AIZ)

e [ Trapezoidal Rule:

At
o O Vut1 =Vt — [f (£, yn) + f( + At y(t, + At)]

o [ We can approximate y(tn+At) by y,.t10r estimate using Euler's

Method.
e [ Choice #1, The Trapezoidal (or Crank-Nicolson) method

S tn;yn) + f(tn+ At yn11)

o [ Yn+i :yn+At

2
e [] Choice #2, Heun's Method.
o [0 51 :f(tmyn)
o O S2=f(tn+Aty,+Ats))
S1+ 52
o [0 Yn+l :}’n‘l‘AIT
e [] Choice #1 is an implicit method, while choice #2 is an explicit

method.
e [] We could also consider Simpson's rule:

o O % {f(t)+4f <t+A2t> +f(t+At)]

o [ which is a fourth order method 0(At4)
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Before we move on, is it worth the effort? We have to do extra work to use
these methods instead of Euler's method.

O

Decreasing the step size by a factor of 10:

O For 1st order methods, we use 9 times more evaluations, and the
error drops by a factor of 10.

O For 2nd order methods, we use 18 times more evaluations, and the
error drops by a factor of 100.

4th order Runge-Kutta method:

O
O

O

O

O

O
O
O
O

h=At
S :f([myn)

h h
52 :f(tn+*7yn+*sl)

2 2

h h
s3=f(ta+ 7o)t 552)

s4 = f(ty+hyy, + hs3)

h
Yl =Y+ g(sl + 2554 253+ 54)

This is 0(Al4)

If the function f(t,y) does not depend upon vy, then s, = s3, and
h

Yorl =Ynt g(sl + 45, +S4)

Simpson's rule!

How do people come up with these things?

O

O

O

O oo

A general single-step method is characterized by a number of
parameters: ¢ Bij and ;.

There are k stages. Each stage computes a slope s; by evaluating f(t,y)

for a particular set of values of t and y, obtained by a linear combination
of the previous slopes:

i—1
si=f (l‘n +oih,y, +h Z(Bi_’jsj)>
j=1
These slopes are then combined to produce our estimate for y, ;|

k
Yn+1 = Yn +hZ'YiSi
i=1

1
For k=2, we have already seen two-stage single-step methods:
1= f(tnayn) —a; =0
$2 = f(ty+02h,y,+hPos1))

O Note that if B has diagonal elements, then we have an implicit

method (there exists an ; for which s; is equal to a linear

combination which includes itself..)
Yut1 = Yn+h(Y151 +7252)

Upon Taylor expanding s around t,,y,, we have
) 9
§r = f(tnayn) + aij:om + af)'leh+ 0(/’12)

O so

0 0
Ynr1 = Yn +h(YI +’Y2)f(tnayn) +Y2 aaij: =+ Ba{]‘f(tnvyn) h2 + 0(h3)
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o[

o [ Week 11

°
O
°

Sections
0 The Taylor expansion of y(tn+h) at r, is:

W of h*d
St +1) = 3(0) + 1,3 (0)) + 5 5+ 5 5 130+ O

O

0 Comparing these, letting Vo= y(tn) , we find that we must have

O ntr=I1

O no=1/2

o h=1/2

O Thus the method has almost been determined. We are free to choose

one of the parameters however we like.
If we choose T =, then h=1lLo=p=1/2
)

O

e[ S1 = f(ta,yn)

o S2=f(tath/2,y,+hs1/2)

o O Yntl =Ynts2h

e [ This is the 2nd Order Runge-Kutta method.

0 If we choose M= 1/2, then = 1/270(: B=1.
o0 S1=f(twyn)

o S2=f(tat+hy,+hsy)

S1+82
o0 Yur1 =)t — h
e [ This is Heun's method.

O
For arbitrary Multi-stage single-step methods:

O #of calculations perstep: 2, 3, 4, 5<;<7.8<n<9 n>10

O Best possible error:
o), o(h*), O(h*), O(H""), O(h"2) o)

Error control (adaptive stepsize)

O

O O 0O o OO

e [ Week 12

Basic idea: If we know the error is . 3, and we know how big this error is
for a particular , then we can find a new j,* for which the error is smaller

than a specified tolerance.

How do we estimate the error? If we have access to the exact solution, it's
pretty easy, but generally this option isn't available. Another way to go is to
use a higher-order method in place of the exact solution to estimate the
error of the lower-order method.

If we have 2 methods:

e=y(ti1) =Jir1  O(H")

e=y(tir1) —yir1  O(W")

e =&+ Fir1 —Vir1 = Jip1 — yir1 SINCE < e

e~ O(n").

Given an error tolerance ¢, we want to change the step size from p _, gh

so that the new error ]q”e\ < g- Thus making 1/n-

q<

1

Vir1 — Yir1

Apr. 7th
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